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1. Introduction, Definitions and Notations
Let f be a non-constant meromorphic function in the complex plane andm(r, f),

N(r, f), T (r, f) have their usual meanings in the Nevanlinna Theory [4]. Let S(r, f)
denotes any quantity satisfying S(r, f) = o(T (r, f)) as r → ∞ except possibly a set
of finite linear measure. Let a(z) be a meromorphic function in the plane satisfying
T (r, a(z)) = S(r, f) as r → ∞.

Definition 1.1. A monomial in f is an expression of the form

M [f ] = (f(z))l0(f (1)(z))l1 ...(f (k)(z))lk
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where l0, l1, ... , lk are non-negative integers.
Here we denote

γM = (l0 + l1 + ...+ lk)

to be the degree of the monomial and

ΓM = l0 + 2l1 + 3l2 + ...+ (k + 1)lk

to be the weight of the monomial.
Now if M1[f ], M2[f ], ... , Mn[f ] denote monomials in f then

Q[f ] = a1M1[f ] + a2M2[f ] + ...+ anMn[f ]

with ai ̸≡ 0 (i = 1, 2, ..., n) is called a differential polynomial in f of degree γQ =
max{γMi

: 1 ≤ i ≤ n} and weight ΓQ = max{ΓMi
: 1 ≤ i ≤ n}.

If γM1 = γM2 = ... = γMn = γQ then Q[f ] will be called a homogeneous differential
polynomial of degree γQ.
Let f and g be two non-constant meromorphic functions in the complex plane and
S(r, f), S(r, g) denote any quantities satisfying S(r, f) = o(T (r, f)) and S(r, g) =
o(T (r, g)) respectively as r → ∞ except possibly a set of finite linear measure. Let
a(z) be a meromorphic function in the plane satisfying T (r, a(z)) = S(r, f) and
T (r, a(z)) = S(r, g) as r → ∞.
Now we introduce the analogous definitions for two non-constant meromorphic
functions f and g.

Definition 1.2. A monomial in f and g is an expression of the form

M [f, g] = (f(z))l0(f (1)(z))l1 ...(f (k)(z))lk(g(z))m0(g(1)(z))m1 ...(g(j)(z))mj

where l0, l1, ... , lk, m0, m1, ... , mj are non-negative integers.
Here we denote

γM = (l0 + l1 + ...+ lk) + (m0 +m1 + ...+mj)

to be the degree of the monomial and

ΓM = {l0 + 2l1 + 3l2 + ...+ (k + 1)lk}+ {m0 + 2m1 + 3m2 + ...+ (j + 1)mj}

to be the weight of the monomial.
Now if M1[f, g], M2[f, g], ... , Mn[f, g] denote monomials in f and g then

Q[f, g] = a1M1[f, g] + a2M2[f, g] + ...+ anMn[f, g]
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with ai ̸≡ 0 (i = 1, 2, ..., n) is called a differential polynomial in f and g of degree
γQ = max{γMi

: 1 ≤ i ≤ n} and weight ΓQ = max{ΓMi
: 1 ≤ i ≤ n}.

Evidently, if γM1 = γM2 = ... = γMn = γQ then Q[f, g] will be called a homogeneous
differential polynomial of degree γQ.

2. Preliminary Results
In [6], C. C. Yang proved the following theorem.

Theorem 2.1. Let f(z) be a transcendental meromorphic function with N(r, f) =
S(r, f). If

P [f ] = (f)n + a1πn−1[f ] + a2πn−2[f ] + ...+ an−1π1[f ] + an (2.1)

where each πi[f ] is a homogeneous differential polynomial in f of degree i, then

T (r, P [f ]) = nT (r, f) + S(r, f).

Using the result of Theorem 2.1, S. S. Bhoosnurmath and K. S. L. N. Prasad [2]
proved the following theorem.

Theorem 2.2. Let f be a transcendental meromorphic function in the com-
plex plane and Q1[f ], Q2[f ] be differential polynomials in f satisfying Q1[f ] ̸≡ 0,
Q2[f ] ̸≡ 0 and P [f ] is defined by (2.1). Now if

F = P [f ]Q1[f ] +Q2[f ]

then

(n− γQ2)T (r, f) ≤ N̄(r,
1

F
) + N̄(r,

1

P [f ]
) + (ΓQ2 − γQ2 + 1)N̄(r, f) + S(r, f).

The proof of Theorem 2.2 is based on the following four lemmas.

Lemma 2.1. [7] If Q[f ] is a differential polynomial in f with arbitrary meromor-
phic coefficients qi, 1 ≤ i ≤ n, then

m(r,Q[f ]) ≤ γQm(r, f) +
n∑

i=1

m(r, qi) + S(r, f).

Lemma 2.2. [7] Let Q∗[f ] and Q[f ] denote differential polynomials in f with arbi-
trary meromorphic coefficients q1

∗, q2
∗, ..., qn

∗ and q1, q2, ..., qk respectively. Suppose
that P [f ] is given by (2.1). If P [f ]Q∗[f ] = Q[f ] and γQ ≤ n, then

m(r,Q∗[f ]) ≤
n∑

i=1

m(r, qi
∗) +

k∑
i=1

m(r, qi) + S(r, f).
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Lemma 2.3. [7] Suppose that M [f ] is a monomial in f . If f has a pole at z = z0
of order m, then z0 is a pole of M [f ] of order (m− 1)γM + ΓM .

Lemma 2.4. [7] Suppose that Q[f ] is a differential polynomial in f . Let z0 be a
pole of f of order m and not a zero or a pole of coefficients of Q[f ]. Then z0 is a
pole of Q[f ] of order at most mγQ + (ΓQ − γQ).

3. Main Results
In this section we present our main results of the paper.

Theorem 3.1. Let f(z) and g(z) be two transcendental meromorphic functions
with N(r, f) = S(r, f) and N(r, g) = S(r, g). Also let

P [f, g] = f lgm + a1π(l−1,m)[f, g] + b1π(l,m−1)[f, g] + a2π(l−2,m)[f, g]

+b2π(l,m−2)[f, g] + ...+ alπ(0,m)[f, g] + bmπ(l,0)[f, g] (3.1)

where each π(l,m)[f, g] is a homogeneous differential polynomial in f and g of degree
(l +m) having sum of finite terms

(f(z))l0(f (1)(z))l1 ...(f (k)(z))lk(g(z))m0(g(1)(z))m1 ...(g(j)(z))mj

such that (l0 + l1 + ... + lk) = l and (m0 + m1 + ... + mj) = m; a1, a2, ..., al
being small functions of f and b1, b2, ..., bm being small functions of g. Now if
|f(reiθ)| = |g(reiθ)| ≥ 1 on the circle |z| = r, then

1

2
[lT (r, f) +mT (r, g)] ≤ T (r, P [f, g]) + S(r, f) + S(r, g)

≤ 2[lT (r, f) +mT (r, g)]. (3.2)

Proof. From (3.1) we have

P [f, g] = f lgm{1 +
a1π(l−1,m)[f, g]

f lgm
+

b1π(l,m−1)[f, g]

f lgm
+

a2π(l−2,m)[f, g]

f lgm

+
b2π(l,m−2)[f, g]

f lgm
+ ...+

alπ(0,m)[f, g]

f lgm
+

bmπ(l,0)[f, g]

f lgm
}

= f lgm{1 + A1

f
+

B1

g
+

A2

f 2
+

B2

g2
+ ...+

Al

f l
+

Bm

gm
} (say) (3.3)

where

Ai =
aiπ(l−i,m)[f, g]

(f)l−i(g)m
, for i = 0, 1, 2, ..., l
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and

Bi =
biπ(l,m−i)[f, g]

(f)l(g)m−i
, for i = 0, 1, 2, ...,m.

Now since π(l,m)[f, g] is a homogeneous differential polynomial in f and g of degree
(l +m), precisely, a finite sum of terms

(f(z))l0(f (1)(z))l1 ...(f (k)(z))lk(g(z))m0(g(1)(z))m1 ...(g(j)(z))mj

such that (l0 + l1 + ...+ lk) = l and (m0 +m1 + ...+mj) = m, we have

m(r,
π(l,m)[f, g]

(f)l(g)m
) = m(r,

∑
(f)l0(f (1))l1 ...(f (k))lk(g)m0(g(1))m1 ...(g(j))mj

(f)l(g)m
)

= m(r,
∑

(
f (1)

f
)l1(

f (2)

f
)l2 ...(

f (k)

f
)lk(

g(1)

g
)m1(

g(2)

g
)m2 ...(

g(j)

g
)mj)

≤
∑

m(r, (
f (1)

f
)l1(

f (2)

f
)l2 ...(

f (k)

f
)lk(

g(1)

g
)m1(

g(2)

g
)m2 ...(

g(j)

g
)mj) +O(1)

≤
∑

[l1m(r,
f (1)

f
) + l2m(r,

f (2)

f
) + ...+ lkm(r,

f (k)

f
) +m1m(r,

g(1)

g
)

+m2m(r,
g(2)

g
) + ...+mjm(r,

g(j)

g
)] +O(1)

= S(r, f) + S(r, g), using Milloux′s Theorem.

Which implies

m(r,
A0

a0
) = S(r, f) + S(r, g) (3.4)

and similarly

m(r,
B0

b0
) = S(r, f) + S(r, g). (3.5)

Hence using (3.4) and the fact that ai’s are small functions of f, we have

m(r, A0) ≤ m(r,
A0

a0
) +m(r, a0)

= S(r, f) + S(r, g)

and likewise, using (3.5) and the fact that bi’s are small functions of g, we have

m(r, B0) ≤ m(r,
B0

b0
) +m(r, b0)

= S(r, f) + S(r, g).
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Similarly, for all i = 1, 2, ..., l it follows that

m(r, Ai) = S(r, f) + S(r, g) (3.6)

and also for all i = 1, 2, ...,m it follows that

m(r, Bi) = S(r, f) + S(r, g). (3.7)

Now on the circle |z| = r, let

A(reiθ) = max{|A1(re
iθ)|, |A2(re

iθ)|
1
2 , ..., |Al(re

iθ)|
1
l }

and

B(reiθ) = max{|B1(re
iθ)|, |B2(re

iθ)|
1
2 , ..., |Bm(re

iθ)|
1
m}.

Then from (3.6), we have

m(r, A(z)) = S(r, f) + S(r, g) (3.8)

and from (3.7), we have

m(r, B(z)) = S(r, f) + S(r, g). (3.9)

Again let

E1 = {θ ∈ [0, 2π] : |f(reiθ)| > 4A(reiθ)}

and

E2 = {θ ∈ [0, 2π] : |g(reiθ)| > 4B(reiθ)}.

Then on E1 ∩ E2, we have from (3.3)

|P [f, g]| = |f |l|g|m|1 + A1

f
+

A2

f 2
+ ...+

Al

f l
+

B1

g
+

B2

g2
+ ...+

Bm

gm
|

≥ |f |l|g|m[1− |A1

f
| − |A2

f 2
| − ...− |Al

f l
| − |B1

g
| − |B2

g2
| − ...− |Bm

gm
|]

≥ |f |l|g|m[1− |A
f
| − |A

f
|2 − ...− |A

f
|l − |B

g
| − |B

g
|2 − ...− |B

g
|m],

since on the circle |z| = r, A ≥ |Ai|
1
i for all i = 1, 2, ..., l

and B ≥ |Bi|
1
i for all i = 1, 2, ...,m
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≥ |f |l|g|m[1− 1

4
− (

1

4
)2 − ...− (

1

4
)l − 1

4
− (

1

4
)2 − ...− (

1

4
)m],

since on E1 ∩ E2, |A
f
| < 1

4
and |B

g
| < 1

4

= |f |l|g|m[1− {1
4
+ (

1

4
)2 + ...+ (

1

4
)l} − {1

4
+ (

1

4
)2 + ...+ (

1

4
)m}]

≥ |f |l|g|m[1− {
1
4

1− 1
4

} − {
1
4

1− 1
4

}]

= |f |l|g|m[1− 1

3
− 1

3
]

=
1

3
|f |l|g|m.

Hence on E1 ∩ E2 we have

3|P [f, g]| ≥ |f |l|g|m

i.e., log+ 3|P [f, g]| ≥ log+ |f |l|g|m.

So,
l log+ |f | ≤ log 3 + log+ |P [f, g]| (3.10)

and
m log+ |g| ≤ log 3 + log+ |P [f, g]|. (3.11)

Therefore using (3.10) and by our hypothesis that on the circle |z| = r, |f(reiθ)| =
|g(reiθ)|, on E1

c, |f(reiθ)| ≤ 4A(reiθ) and on E1 ∩ E2
c, |g(reiθ)| ≤ 4B(reiθ), we

have

l ×m(r, f) = l × 1

2π

∫ 2π

0

log+ |f(reiθ)|dθ

=
1

2π

∫
E1∩E2

l log+ |f(reiθ)|dθ + l

2π

∫
E1∩E2

c

log+ |f(reiθ)|dθ

+
l

2π

∫
E1

c

log+ |f(reiθ)|dθ

≤ 1

2π

∫
E1∩E2

(log 3 + log+ |P [f, g]|)dθ + l

2π

∫
E1∩E2

c

log+ |g(reiθ)|dθ

+
l

2π

∫
E1

c

log+ 4A dθ

≤ 1

2π

∫
E1∩E2

log 3dθ +
1

2π

∫
E1∩E2

log+ |P [f, g]|dθ



72 J. of Ramanujan Society of Mathematics and Mathematical Sciences

+
l

2π

∫
E1∩E2

c

log+ 4B dθ +
l

2π

∫
E1

c

log+ 4A dθ

≤ 1

2π

∫ 2π

0

log 3dθ +
1

2π

∫ 2π

0

log+ |P [f, g]|dθ + l

2π

∫ 2π

0

log+ 4B dθ

+
l

2π

∫ 2π

0

log+ 4A dθ

= log 3 +
1

2π

∫ 2π

0

log+ |P [f, g]|dθ + l

π

∫ 2π

0

log+ 4dθ

+
l

2π

∫ 2π

0

log+B dθ +
l

2π

∫ 2π

0

log+ A dθ

= log 3 +m(r, P [f, g]) + 2l log 4 + l ×m(r, B) + l ×m(r, A)

= m(r, P [f, g]) + S(r, f) + S(r, g), using (3.8) and (3.9).

Adding l ×N(r, f) on both sides and recalling that N(r, f) = S(r, f) we get

l × T (r, f) ≤ m(r, P [f, g]) + S(r, f) + S(r, g)

≤ T (r, P [f, g]) + S(r, f) + S(r, g). (3.12)

Similarly, using (3.11) and by our hypothesis that on the circle |z| = r, |f(reiθ)| =
|g(reiθ)|, on E2

c, |g(reiθ)| ≤ 4B(reiθ) and on E1
c ∩ E2, |f(reiθ)| ≤ 4A(reiθ), we

have

m×m(r, g) = m× 1

2π

∫ 2π

0

log+ |g(reiθ)|dθ

=
1

2π

∫
E1∩E2

m log+ |g(reiθ)|dθ + m

2π

∫
E1

c∩E2

log+ |g(reiθ)|dθ

+
m

2π

∫
E2

c

log+ |g(reiθ)|dθ

≤ 1

2π

∫
E1∩E2

(log 3 + log+ |P [f, g]|)dθ + m

2π

∫
E1

c∩E2

log+ |f(reiθ)|dθ

+
m

2π

∫
E2

c

log+ 4B dθ

≤ 1

2π

∫
E1∩E2

log 3dθ +
1

2π

∫
E1∩E2

log+ |P [f, g]|dθ

+
m

2π

∫
E1

c∩E2

log+ 4Adθ +
m

2π

∫
E2

c

log+ 4Bdθ
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≤ 1

2π

∫ 2π

0

log 3dθ +
1

2π

∫ 2π

0

log+ |P [f, g]|dθ + m

2π

∫ 2π

0

log+ 4A dθ

+
m

2π

∫ 2π

0

log+ 4B dθ

= log 3 +
1

2π

∫ 2π

0

log+ |P [f, g]|dθ + m

π

∫ 2π

0

log+ 4dθ +
m

2π

∫ 2π

0

log+A dθ

+
m

2π

∫ 2π

0

log+B dθ

= log 3 +m(r, P [f, g]) + 2m log 4 +m×m(r, A) +m×m(r, B)

= m(r, P [f, g]) + S(r, f) + S(r, g), using (3.8) and (3.9).

Adding m×N(r, g) on both sides and recalling that N(r, g) = S(r, g) we get

m× T (r, g) ≤ m(r, P [f, g]) + S(r, f) + S(r, g)

≤ T (r, P [f, g]) + S(r, f) + S(r, g). (3.13)

Now adding (3.12) and (3.13), we get

l × T (r, f) +m× T (r, g) ≤ 2T (r, P [f, g]) + S(r, f) + S(r, g)

i.e.,
1

2
[l × T (r, f) +m× T (r, g)] ≤ T (r, P [f, g]) + S(r, f) + S(r, g). (3.14)

Next from (3.3) we have

m(r, P [f, g]) = m(r, f lgm + A1f
l−1gm +B1f

lgm−1

+ A2f
l−2gm +B2f

lgm−2 + ...+ Alg
m +Bmf

l)

≤ m(r, f lgm + A1f
l−1gm + A2f

l−2gm + ...+ Alg
m)

+m(r, B1f
lgm−1 +B2f

lgm−2 + ...+Bmf
l) + log 2

= m(r, gm{f l + A1f
l−1 + A2f

l−2 + ...+ Al})
+m(r, f l{B1g

m−1 +B2g
m−2 + ...+Bm}) +O(1)

≤ m(r, gm) +m(r, f l + A1f
l−1 + A2f

l−2 + ...+ Al)

+m(r, f l) +m(r, B1g
m−1 +B2g

m−2 + ...+Bm) +O(1)

≤ m×m(r, g) +m(r, f l + A1f
l−1 + A2f

l−2 + ...+ Al−1f)

+m(r, Al) + l ×m(r, f) +m(r, B1g
m−1 +B2g

m−2 + ...

+Bm−1g) +m(r, Bm) +O(1)

≤ m×m(r, g) +m(r, f{f l−1 + A1f
l−2 + ...+ Al−2f + Al−1})

+ l ×m(r, f) +m(r, g{B1g
m−2 +B2g

m−3 + ...+Bm−2g
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+Bm−1}) + S(r, f) + S(r, g), using (3.6) and (3.7)

≤ (l + 1)×m(r, f) + (m+ 1)×m(r, g) +m(r, f l−1 + A1f
l−2 + ...

+ Al−2f + Al−1) +m(r, B1g
m−2 +B2g

m−3 + ...+Bm−2g

+Bm−1) + S(r, f) + S(r, g)

≤ (l + 1)×m(r, f) + (m+ 1)×m(r, g) +m(r, f{f l−2 + A1f
l−3 + ...

+ Al−3f + Al−2}) +m(r, g{B1g
m−3 +B2g

m−4 + ...+Bm−3g

+Bm−2}) + S(r, f) + S(r, g)

≤ (l + 2)×m(r, f) + (m+ 2)×m(r, g) +m(r, f l−2 + A1f
l−3 + ...

+ Al−3f + Al−2) +m(r, B1g
m−3 +B2g

m−4 + ...+Bm−3g

+Bm−2) + S(r, f) + S(r, g).

Proceeding similarly, we ultimately get

m(r, P [f, g]) ≤ 2l ×m(r, f) + (2m− 1)×m(r, g) + S(r, f) + S(r, g)

≤ 2l ×m(r, f) + 2m×m(r, g) + S(r, f) + S(r, g). (3.15)

Finally using (3.15) and by our hypotheses that N(r, f) = S(r, f) and N(r, g) =
S(r, g), we get

T (r, P [f, g]) = m(r, P [f, g]) +N(r, P [f, g])

≤ 2l ×m(r, f) + 2m×m(r, g) + S(r, f) + S(r, g)

≤ 2[l × T (r, f) +m× T (r, g)] + S(r, f) + S(r, g). (3.16)

Combining (3.14) and (3.16) we obtain the result of the theorem.
Here the condition that |f(reiθ)| = |g(reiθ)| ≥ 1 on the circle |z| = r can not be
dropped. To show the necessity of this condition we can consider the following
example.

Example 3.1. Let f(z) = ez(z − 2) and g(z) = e−z where P [f, g] = fg.
Here l = 1, m = 1, T (r, f) = r

π
+ O(log r), T (r, g) = r

π
and T (r, P [f, g]) =

log r +O(1) for r ≥ 2.
Hence the inequality 1

2
[lT (r, f) +mT (r, g)] ≤ T (r, P [f, g]) + S(r, f) + S(r, g) does

not hold here for large r. This happens because for large r, |g(reiθ)| ̸≥ 1 on the
circle |z| = r.
Also Theorem 3.1 fails to hold if f and g are not transcendental. To show this we
consider the following example.

Example 3.2. Let f(z) = (z − 2)2 and g(z) = 1
z−2

where P [f, g] = fg.
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Here l = 1,m = 1, T (r, f) = 2 log r+O(1), T (r, g) = log r+O(1) and T (r, P [f, g]) =
log r +O(1).
Hence the inequality 1

2
[lT (r, f) +mT (r, g)] ≤ T (r, P [f, g]) + S(r, f) + S(r, g) does

not hold here. This happens because f and g are not transcendental here although
|f(reiθ)| ≥ 1 but |g(reiθ)| ̸≥ 1 on the circle |z| = r when r is large.
Now we prove the following lemmas which will be needed to prove Theorem 3.2.

Lemma 3.1. If Q[f, g] is a differential polynomial in f and g with arbitrary mero-
morphic coefficients qi, 1 ≤ i ≤ n, then

m(r,Q[f, g]) ≤ 2nγQ[m(r, f) +m(r, g)] +
n∑

i=1

m(r, qi) + S(r, f) + S(r, g).

Proof. Let
Q[f, g] = q1M1[f, g] + q2M2[f, g] + ...+ qnMn[f, g] (3.17)

where each

Mi[f, g] = (f(z))li0(f (1)(z))li1 ...(f (k)(z))lik(g(z))mi0(g(1)(z))mi1 ...(g(j)(z))mij

is a monomial in f and g of degree

γMi
= (li0 + li1 + ...+ lik) + (mi0 +mi1 + ...+mij).

Here the degree of the differential polynomial Q[f, g] is given by

γQ = max{γMi
: 1 ≤ i ≤ n}.

From (3.17) we can have

m(r,Q[f, g]) = m(r, q1M1[f, g] + q2M2[f, g] + ...+ qnMn[f, g])

≤ m(r, q1M1[f, g]) +m(r, q2M2[f, g]) + ...+m(r, qnMn[f, g]) +O(1)

≤ m(r, q1) +m(r,M1[f, g]) +m(r, q2) +m(r,M2[f, g]) + ...

+m(r, qn) +m(r,Mn[f, g]) +O(1)

≤
n∑

i=1

m(r, qi) + 2l1m(r, f) + 2m1m(r, g) + 2l2m(r, f) + 2m2m(r, g)

+ ...+ 2lnm(r, f) + 2mnm(r, g) + S(r, f) + S(r, g),

assuming li = (li0 + li1 + ...+ lik) and mi = (mi0 +mi1 + ...

+mij) and using (3.15)

=
n∑

i=1

m(r, qi) + 2m(r, f)
n∑

i=1

li + 2m(r, g)
n∑

i=1

mi + S(r, f) + S(r, g)
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≤
n∑

i=1

m(r, qi) + 2m(r, f)
n∑

i=1

(li +mi) + 2m(r, g)
n∑

i=1

(li +mi)

+ S(r, f) + S(r, g)

=
n∑

i=1

m(r, qi) + 2[m(r, f) +m(r, g)]
n∑

i=1

(li +mi) + S(r, f) + S(r, g)

=
n∑

i=1

m(r, qi) + 2[m(r, f) +m(r, g)]
n∑

i=1

γMi
+ S(r, f) + S(r, g)

≤
n∑

i=1

m(r, qi) + 2nγQ[m(r, f) +m(r, g)] + S(r, f) + S(r, g)

= 2nγQ[m(r, f) +m(r, g)] +
n∑

i=1

m(r, qi) + S(r, f) + S(r, g).

Hence the proof is complete.

Lemma 3.2. Let Q∗[f, g] and Q[f, g] denote differential polynomials in f and g
with arbitrary meromorphic coefficients q1

∗, q2
∗, ..., qn

∗ and q1, q2, ..., qk respectively.
Suppose that

P [f, g] = f lgm + al−1f
l−1gm + bm−1f

lgm−1 + al−2f
l−2gm

+bm−2f
lgm−2 + ...+ a0g

m + b0f
l. (3.18)

If

P [f, g]Q∗[f, g] = Q[f, g], (3.19)

γQ ≤ (l +m), in fact if

Q[f, g] = q1M1[f, g] + q2M2[f, g] + ...+ qkMk[f, g] (3.20)

where

Mi[f, g] = fαi0(f (1))αi1 ...(f (j))αijgβi0(g(1))βi1 ...(g(h))βih for i = 1, 2, ..., k;

with αi0, αi1, ..., αij, βi0, βi1, ..., βih, j, h being non-negative integers such that

max{αi = αi0 + αi1 + ...+ αij : 1 ≤ i ≤ k} ≤ l and

max{βi = βi0 + βi1 + ...+ βih : 1 ≤ i ≤ k} ≤ m
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and on the circle |z| = r, |f(reiθ)| = |g(reiθ)| , then

m(r,Q∗[f, g]) ≤
n∑

i=1

m(r, qi
∗) +

k∑
i=1

m(r, qi) +m(r,
1

P [f, g]
) + S(r, f) + S(r, g).

Proof. We first prove the case when

al−1 = al−2 = ... = a0 = 0 = bm−1 = bm−2 = ... = b0.

In this case we can rewrite (3.19) as

f lgmQ∗[f, g] = Q[f, g]. (3.21)

Now we suppose

Q∗[f, g] = q∗1M
∗
1 [f, g] + q∗2M

∗
2 [f, g] + ...+ q∗nM

∗
n[f, g] (3.22)

where

M∗
i [f, g] = f si0(f (1))si1 ...(f (u))siugti0(g(1))ti1 ...(g(v))tiv for i = 1, 2, ..., n

with si0, si1, ..., siu, ti0, ti1, ..., tiv, u, v being non-negative integers.
First we consider |f(reiθ)| = |g(reiθ)| > 1.
Then from (3.20) and (3.21) we have

|Q∗[f, g]| = |f−lg−mQ[f, g]|

= |f−lg−m

k∑
i=1

qiMi[f, g]|

= |
k∑

i=1

qi(
f (1)

f
)αi1 ...(

f (j)

f
)αij(

g(1)

g
)βi1 ...(

g(h)

f
)βihfαi−lgβi−m|

≤
k∑

i=1

|qi||
f (1)

f
|αi1 ...|f

(j)

f
|αij |g

(1)

g
|βi1 ...|g

(h)

f
|βih |f |αi−l|g|βi−m

≤
k∑

i=1

|qi||
f (1)

f
|αi1 ...|f

(j)

f
|αij |g

(1)

g
|βi1 ...|g

(h)

f
|βih ,

since |f(reiθ)| = |g(reiθ)| > 1 and αi − l ≤ 0, βi −m ≤ 0.
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Hence,

1

2π

∫
|f |=|g|>1

log+ |Q∗[f, g]|dθ

≤ 1

2π

∫ 2π

0

log+(
k∑

i=1

|qi||
f (1)

f
|αi1 ...|f

(j)

f
|αij |g

(1)

g
|βi1 ...|g

(h)

f
|βih)dθ

≤
k∑

i=1

1

2π

∫ 2π

0

log+(|qi||
f (1)

f
|αi1 ...|f

(j)

f
|αij |g

(1)

g
|βi1 ...|g

(h)

f
|βih)dθ +O(1)

=
k∑

i=1

1

2π

∫ 2π

0

log+ |qi|dθ +
k∑

i=1

(
1

2π

∫ 2π

0

log+ |f
(1)

f
|αi1dθ + ...

...+
1

2π

∫ 2π

0

log+ |f
(j)

f
|αijdθ +

1

2π

∫ 2π

0

log+ |g
(1)

g
|βi1dθ + ...

...+
1

2π

∫ 2π

0

log+ |g
(h)

f
|βihdθ) +O(1)

=
k∑

i=1

m(r, qi) +
k∑

i=1

[αi1m(r,
f (1)

f
) + ...+ αijm(r,

f (j)

f
)

+ βi1m(r,
g(1)

g
) + ...+ βihm(r,

g(h)

g
)] +O(1)

=
k∑

i=1

m(r, qi) +
k∑

i=1

[αi1S(r, f) + ...+ αijS(r, f)

+ βi1S(r, g) + ...+ βihS(r, g)] +O(1),

using Milloux′s Theorem

=
k∑

i=1

m(r, qi) + S(r, f) + S(r, g). (3.23)

Next we consider |f(reiθ)| = |g(reiθ)| ≤ 1. From (3.22) we have

|Q∗[f, g]| = |
n∑

i=1

q∗iM
∗
i [f, g]|

= |
n∑

i=1

q∗i f
si0(f (1))si1 ...(f (u))siugti0(g(1))ti1 ...(g(v))tiv |
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≤
n∑

i=1

|q∗i ||
f (1)

f
|si1 ...|f

(u)

f
|siu|g

(1)

g
|ti1 ...|g

(v)

g
|tiv .

Hence,

1

2π

∫
|f |=|g|≤1

log+ |Q∗[f, g]|dθ

≤ 1

2π

∫ 2π

0

log+(
n∑

i=1

|q∗i ||
f (1)

f
|si1 ...|f

(u)

f
|siu|g

(1)

g
|ti1 ...|g

(v)

g
|tiv)dθ

≤
n∑

i=1

1

2π

∫ 2π

0

log+(|q∗i ||
f (1)

f
|si1 ...|f

(u)

f
|siu|g

(1)

g
|ti1 ...|g

(v)

g
|tiv)dθ +O(1)

=
n∑

i=1

1

2π

∫ 2π

0

log+ |q∗i |dθ +
n∑

i=1

(
1

2π

∫ 2π

0

log+ |f
(1)

f
|si1dθ + ...

...+
1

2π

∫ 2π

0

log+ |f
(u)

f
|siudθ + 1

2π

∫ 2π

0

log+ |g
(1)

g
|ti1dθ + ...

...+
1

2π

∫ 2π

0

log+ |g
(v)

g
|tivdθ) +O(1)

=
n∑

i=1

m(r, q∗i ) +
n∑

i=1

(si1m(r,
f (1)

f
) + ...+ sium(r,

f (u)

f
)

+ ti1m(r,
g(1)

g
) + ...+ tivm(r,

g(v)

g
)) +O(1)

=
n∑

i=1

m(r, q∗i ) +
n∑

i=1

(si1S(r, f) + ...+ siuS(r, f)

+ ti1S(r, g) + ...+ tivS(r, g)) +O(1),

using Milloux′s Theorem

=
n∑

i=1

m(r, q∗i ) + S(r, f) + S(r, g). (3.24)

Adding (3.23) and (3.24) we get

1

2π

∫
|f |=|g|>1

log+ |Q∗[f, g]|dθ + 1

2π

∫
|f |=|g|≤1

log+ |Q∗[f, g]|dθ

≤
n∑

i=1

m(r, q∗i ) +
k∑

i=1

m(r, qi) + S(r, f) + S(r, g)
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i.e.,

1

2π

∫ 2π

0

log+ |Q∗[f, g]|dθ ≤
n∑

i=1

m(r, q∗i ) +
k∑

i=1

m(r, qi) + S(r, f) + S(r, g)

i.e.,

m(r,Q∗[f, g]) ≤
n∑

i=1

m(r, q∗i ) +
k∑

i=1

m(r, qi) + S(r, f) + S(r, g).

Now we consider the general case when al−1, al−2, ..., a0; bm−1, bm−2, ..., b0 are any
arbitrary meromorphic functions with smaller growth than f and g respectively.
Then from (3.19) we can write

f lgm[(f lgm + al−1f
l−1gm + bm−1f

lgm−1 + ...+ a0g
m + b0f

l)Q∗[f, g]] = f lgmQ[f, g]

or, f lgmR∗[f, g] = R[f, g], say where R∗[f, g] and R[f, g] are differential polynomi-
als in f and g with meromorphic coefficients q∗1(1 + al−1 + bm−1 + ... + a0 + b0),
q∗2(1 + al−1 + bm−1 + ... + a0 + b0), ... , q∗n(1 + al−1 + bm−1 + ... + a0 + b0) and q1,
q2, ... , qk respectively.
Hence by first case

m(r, R∗[f, g]) ≤
n∑

i=1

m(r, q∗i (1 + al−1 + bm−1 + ...+ a0 + b0))

+
k∑

i=1

m(r, qi) + S(r, f) + S(r, g)

≤
n∑

i=1

m(r, q∗i ) +
k∑

i=1

m(r, qi) + S(r, f) + S(r, g)

So,

m(r,Q∗[f, g]) ≤ m(r, R∗[f, g]) +m(r,
1

P [f, g]
)

≤
n∑

i=1

m(r, q∗i ) +
k∑

i=1

m(r, qi) +m(r,
1

P [f, g]
) + S(r, f) + S(r, g)

Hence the proof is complete.

Lemma 3.3. Suppose that M [f, g] is a monomial in f and g. If f and g has a
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pole at z = z0 of order p and q respectively, then z0 is a pole of M [f, g] of order at
most (p+ q − 2)γM + ΓM .
Proof. Let

M [f, g] = (f(z))l0(f (1)(z))l1 ...(f (k)(z))lk(g(z))m0(g(1)(z))m1 ...(g(j)(z))mj

where l0, l1, ... , lk, m0, m1, ... , mj are non-negative integers;

γM = (l0 + l1 + ...+ lk) + (m0 +m1 + ...+mj)

is the degree of the monomial and

ΓM = {l0 + 2l1 + 3l2 + ...+ (k + 1)lk}+ {m0 + 2m1 + 3m2 + ...+ (j + 1)mj}

is the weight of the monomial.
Now since z0 is a pole of f and g of order p and q respectively, z0 will be a pole of
M [f, g] of order

= {pl0 + (p+ 1)l1 + ...+ (p+ k)lk}+ {qm0 + (q + 1)m1 + ...+ (q + j)mj}
= {p(l0 + l1 + ...+ lk) + (l1 + 2l2 + ...+ klk)}+ {q(m0 +m1 + ...+mj)

+ (m1 + 2m2 + ...+ jmj)}
= [(p− 1)(l0 + l1 + ...+ lk) + {l0 + 2l1 + 3l2 + ...+ (k + 1)lk}]

+ [(q − 1)(m0 +m1 + ...+mj) + {m0 + 2m1 + 3m2 + ...+ (j + 1)mj}]
≤ (p− 1)γM + (q − 1)γM + {l0 + 2l1 + 3l2 + ...+ (k + 1)lk}+ {m0 + 2m1

+ 3m2 + ...+ (j + 1)mj}
= (p+ q − 2)γM + ΓM .

Hence the proof is complete.

Lemma 3.4. Suppose that Q[f, g] is a differential polynomial in f and g. Let z0 be
a pole of f and g of order p and q respectively and not a zero or a pole of coefficients
of Q[f, g]. Then z0 is a pole of Q[f, g] of order at most (p+ q− 1)γQ + (ΓQ − γQ).
Proof. Let

Q[f, g] = q1M1[f, g] + q2M2[f, g] + ...+ qnMn[f, g]

where each

Mi[f, g] = (f(z))li0(f (1)(z))li1 ...(f (k)(z))lik(g(z))mi0(g(1)(z))mi1 ...(g(j)(z))mij

is a monomial in f and g of degree

γMi
= (li0 + li1 + ...+ lik) + (mi0 +mi1 + ...+mij)
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and of weight

ΓMi
= {li0 + 2li1 + ...+ (k + 1)lik}+ {mi0 + 2mi1 + ...+ (j + 1)mij}.

Here the degree and weight of the differential polynomial Q[f, g] is given by

γQ = max{γMi
: 1 ≤ i ≤ n}

and
ΓQ = max{ΓMi

: 1 ≤ i ≤ n}
respectively.
Now since z0 is a pole of f and g of order p and q respectively and not a zero or a
pole of the coefficients of Q[f, g], by using the Lemma 3.3 we can say that z0 is a
pole of Q[f, g] of order

≤ max
1≤i≤n

{(p+ q − 2)γMi
+ ΓMi

}

≤ max
1≤i≤n

{(p+ q − 2)γMi
}+ max

1≤i≤n
{ΓMi

}

= (p+ q − 2)γQ + ΓQ

= (p+ q − 1)γQ + (ΓQ − γQ).

Hence the proof is complete.

Theorem 3.2. Let f and g be transcendental meromorphic functions in the plane
and Q1[f, g], Q2[f, g] be differential polynomials in f and g satisfying Q1[f, g] ̸≡
0, Q2[f, g] ̸≡ 0 with Q1[f, g] and Q2[f, g] consisting of n arbitrary meromorphic
coefficients which are small functions of f and g and P [f, g] be given by (3.18). If

F = P [f, g]Q1[f, g] +Q2[f, g] (3.25)

and on the circle |z| = r, |f(reiθ)| = |g(reiθ)|, then

(l − 2nγQ2)T (r, f) + (m− 2nγQ2)T (r, g) ≤ N̄(r,
1

F
) + N̄(r,

1

P [f, g]
) + (ΓQ2

− 2γQ2)[N̄(r, f) + N̄(r, g)] + S(r, f)

+ S(r, g).

Proof. Without loss of generality we may suppose l > 2nγQ2 and m > 2nγQ2 .
From (3.25) we have

1 =
1

F
P [f, g]Q1[f, g] +

1

F
Q2[f, g]
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i.e.,

F ′ =
F ′

F
P [f, g]Q1[f, g] +

F ′

F
Q2[f, g]. (3.26)

Again differentiating (3.25) we have

F ′ = (P [f, g])′Q1[f, g] + P [f, g](Q1[f, g])
′ + (Q2[f, g])

′. (3.27)

Now comparing (3.26) and (3.27) we have

F ′

F
P [f, g]Q1[f, g] +

F ′

F
Q2[f, g] = (P [f, g])′Q1[f, g] + P [f, g](Q1[f, g])

′ + (Q2[f, g])
′

i.e.,
F ′

F
P [f, g]Q1[f, g]−(P [f, g])′Q1[f, g]−P [f, g](Q1[f, g])

′ = (Q2[f, g])
′−F ′

F
Q2[f, g]

i.e., P [f, g]{F
′

F
Q1[f, g]−

(P [f, g])′

P [f, g]
Q1[f, g]−(Q1[f, g])

′} = (Q2[f, g])
′−F ′

F
Q2[f, g]

i.e.,
P [f, g]Q∗[f, g] = Q[f, g] (3.28)

where

Q∗[f, g] =
F ′

F
Q1[f, g]−

(P [f, g])′

P [f, g]
Q1[f, g]− (Q1[f, g])

′ (3.29)

and

Q[f, g] = (Q2[f, g])
′ − F ′

F
Q2[f, g]. (3.30)

If Q∗[f, g] = 0, then from (3.28) we have

Q[f, g] = 0

i.e., (Q2[f, g])
′ − F ′

F
Q2[f, g] = 0, using (3.30)

i.e.,
(Q2[f, g])

′

Q2[f, g]
=

F ′

F
.

Integrating we get
F = C1Q2[f, g]

i.e., P [f, g]Q1[f, g] +Q2[f, g] = C1Q2[f, g], using (3.25)

i.e., P [f, g]Q1[f, g] = CQ2[f, g], (3.31)

assuming C1 − 1 = C (̸= 0) is a finite complex number.
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Now using the Lemma 3.2 and assuming that the coefficients of Q1[f, g] and Q2[f, g]
are small functions of f and g, we get

m(r,Q1[f, g]) = S(r, f) + S(r, g). (3.32)

Again from (3.31) we have

m(r, P [f, g]) = m(r, C
Q2[f, g]

Q1[f, g]
)

≤ m(r,Q2[f, g]) +m(r,
1

Q1[f, g]
) +O(1). (3.33)

Also from (3.15) we can write

m(r, P [f, g]) = 2l ×m(r, f) + 2m×m(r, g) + S(r, f) + S(r, g). (3.34)

Again if Q2[f, g] consists of n arbitrary meromorphic coefficients then applying
Lemma 3.1 and using the hypothesis that the coefficients of Q2[f, g] to be small
functions of f and g, we get

m(r,Q2[f, g]) ≤ 2nγQ2 [m(r, f) +m(r, g)] + S(r, f) + S(r, g). (3.35)

Also, by the First Fundamental Theorem we have

T (r,
1

Q1[f, g]
) = T (r,Q1[f, g]) +O(1)

i.e., m(r,
1

Q1[f, g]
) +N(r,

1

Q1[f, g]
) = m(r,Q1[f, g]) +N(r,Q1[f, g]) +O(1)

i.e., m(r,
1

Q1[f, g]
)+N(r,

1

Q1[f, g]
) = N(r,Q1[f, g])+S(r, f)+S(r, g), using (3.32)

i.e., m(r,
1

Q1[f, g]
) = N(r,Q1[f, g])−N(r,

1

Q1[f, g]
) + S(r, f) + S(r, g). (3.36)

It is clear that a pole of Q1[f, g] is either a pole of f or g, or a pole of the coefficients
of Q1[f, g].
Now suppose that z0 is a pole of f and g of order p and q respectively and z0 is
not a zero or a pole of the coefficients of P [f, g], Q1[f, g] and Q2[f, g]. Then from
(3.18) we can say that z0 is a pole of P [f, g] of order pl + qm.
Also from Lemma 3.4 we can say that z0 is a pole of Q2[f, g] of order at most
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(p+ q − 1)γQ2 + (ΓQ2 − γQ2).
Now from (3.31) we have

Q1[f, g] = C
Q2[f, g]

P [f, g]

and hence, we can say that z0 is a pole of Q1[f, g] of order at most

(p+ q − 1)γQ2 + (ΓQ2 − γQ2)− (pl + qm)

= (ΓQ2 − 2γQ2)− p(l − γQ2)− q(m− γQ2).

Thus we obtain

N(r,Q1[f, g])−N(r,
1

Q1[f, g]
)

≤ (ΓQ2 − 2γQ2)[N̄(r, f) + N̄(r, g)]− (l − γQ2)N(r, f)

− (m− γQ2)N(r, g) + S(r, f) + S(r, g). (3.37)

Now using (3.37) in (3.36) we get

m(r,
1

Q1[f, g]
) ≤ (ΓQ2 − 2γQ2)[N̄(r, f) + N̄(r, g)]− (l − γQ2)N(r, f)

− (m− γQ2)N(r, g) + S(r, f) + S(r, g). (3.38)

Now from (3.33), (3.34), (3.35) and (3.38) we obtain

2l ×m(r, f) + 2m×m(r, g) ≤ 2nγQ2 [m(r, f) +m(r, g)] + (ΓQ2 − 2γQ2)[N̄(r, f)

+ N̄(r, g)]− (l − γQ2)N(r, f)

− (m− γQ2)N(r, g) + S(r, f) + S(r, g)

i.e., l ×m(r, f) +m×m(r, g) ≤ 2nγQ2 [m(r, f) +m(r, g)] + (ΓQ2 − 2γQ2)[N̄(r, f)

+ N̄(r, g)]− (l − 2nγQ2)N(r, f)

− (m− 2nγQ2)N(r, g) + S(r, f) + S(r, g)

i.e., l[m(r, f) +N(r, f)] +m[m(r, g) +N(r, g)] ≤ 2nγQ2 [m(r, f) +N(r, f)]

+ 2nγQ2 [m(r, g) +N(r, g)]

+ (ΓQ2 − 2γQ2)[N̄(r, f)

+ N̄(r, g)] + S(r, f) + S(r, g)

i.e., lT (r, f) +mT (r, g) ≤ 2nγQ2T (r, f) + 2nγQ2T (r, g) + (ΓQ2 − 2γQ2)[N̄(r, f)

+ N̄(r, g)] + S(r, f) + S(r, g)

i.e., (l − 2nγQ2)T (r, f) + (m− 2nγQ2)T (r, g) ≤ (ΓQ2 − 2γQ2)[N̄(r, f)

+ N̄(r, g)] + S(r, f) + S(r, g)
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i.e., (l − 2nγQ2)T (r, f) + (m− 2nγQ2)T (r, g) ≤ N̄(r,
1

F
) + N̄(r,

1

P [f, g]
)

+ (ΓQ2 − 2γQ2)[N̄(r, f) + N̄(r, g)] + S(r, f) + S(r, g),

which is the required result.
Next we suppose that Q∗[f, g] ̸≡ 0. Then from (3.28) we have Q[f, g] ̸≡ 0.
Now a monomial in f and g is an expression of the form

M [f, g] = (f(z))l0(f (1)(z))l1 ...(f (k)(z))lk(g(z))m0(g(1)(z))m1 ...(g(j)(z))mj

with degree
γM = (l0 + l1 + ...+ lk) + (m0 +m1 + ...+mj),

where l0, l1, ... , lk, m0, m1, ... , mj are non-negative integers.
On differentiation, we get

(M [f, g])′

= l0(f(z))
l0−1(f (1)(z))l1+1...(f (k)(z))lk(g(z))m0(g(1)(z))m1 ...(g(j)(z))mj

+ l1(f(z))
l0(f (1)(z))l1−1...(f (k)(z))lk(g(z))m0(g(1)(z))m1 ...(g(j)(z))mj + ...

...+ lk(f(z))
l0(f (1)(z))l1 ...(f (k)(z))lk−1f (k+1)(z)(g(z))m0(g(1)(z))m1 ...(g(j)(z))mj

+m0(f(z))
l0(f (1)(z))l1 ...(f (k)(z))lk(g(z))m0−1(g(1)(z))m1+1...(g(j)(z))mj

+m1(f(z))
l0(f (1)(z))l1 ...(f (k)(z))lk(g(z))m0(g(1)(z))m1−1...(g(j)(z))mj + ...

...+mj(f(z))
l0(f (1)(z))l1 ...(f (k)(z))lk(g(z))m0(g(1)(z))m1 ...(g(j)(z))mj−1g(j+1)(z).

Hence

γM ′ = max{[(l0 − 1) + (l1 + 1) + ...+ lk +m0 +m1 + ...+mj], [l0 + (l1 − 1)

+ (l2 + 1) + ...+ lk +m0 +m1 + ...+mj], ...[l0 + l1 + ...+ (lk − 1) + 1

+m0 +m1 + ...+mj], [l0 + l1 + ...+ lk + (m0 − 1) + (m1 + 1) + ...+mj],

[l0 + l1 + ...+ lk +m0 + (m1 − 1) + (m2 + 1)...+mj], [l0 + l1 + ...+ lk

+m0 +m1 + ...+ (mj − 1) + 1]}
= max{γM , γM , ..., γM}
= γM .

Thus we can write γQ2 = γ(Q2)′ . Hence from (3.30) we have γQ = γQ2 .
Now using Lemma 3.2 on (3.28) and assuming that the coefficients of Q∗[f, g] and
Q[f, g] are small functions of f and g, we get

m(r,Q∗[f, g]) = S(r, f) + S(r, g). (3.39)
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Again from (3.28) we have

m(r, P [f, g]) = m(r,
Q[f, g]

Q∗[f, g]
)

≤ m(r,Q[f, g]) +m(r,
1

Q∗[f, g]
). (3.40)

Using (3.30), Lemma 3.1, Milloux’s theorem and the fact that the coefficients of
Q2[f, g]) are small functions of f and g we have

m(r,Q[f, g]) = m(r, (Q2[f, g])
′ − F ′

F
Q2[f, g])

= m(r,Q2[f, g]{
(Q2[f, g])

′

Q2[f, g]
− F ′

F
})

≤ m(r,Q2[f, g]) +m(r,
(Q2[f, g])

′

Q2[f, g]
) +m(r,−F ′

F
) +O(1)

= m(r,Q2[f, g]) + S(r, f) + S(r, g)

≤ 2nγQ2 [m(r, f) +m(r, g)] + S(r, f) + S(r, g). (3.41)

Also, by the First Fundamental Theorem we have

T (r,
1

Q∗[f, g]
) = T (r,Q∗[f, g]) +O(1)

i.e., m(r,
1

Q∗[f, g]
) +N(r,

1

Q∗[f, g]
) = m(r,Q∗[f, g]) +N(r,Q∗[f, g]) +O(1)

i.e., m(r,
1

Q∗[f, g]
)+N(r,

1

Q∗[f, g]
) = N(r,Q∗[f, g])+S(r, f)+S(r, g), using (3.39)

i.e., m(r,
1

Q∗[f, g]
) = N(r,Q∗[f, g])−N(r,

1

Q∗[f, g]
) + S(r, f) + S(r, g). (3.42)

Obviously, from (3.29) we can say that the poles of Q∗[f, g] occurs possibly only
from the zeros of F and P [f, g], the poles of f and g and the zeros and poles of
the coefficients.
Now suppose that z0 is a pole of f and g of order p and q respectively and not a
zero or a pole of the coefficients of P [f, g], Q1[f, g] and Q2[f, g].
Then from (3.18) we can say that z0 is a pole of P [f, g] of order pl + qm.
Also by using Lemma 3.4 on (3.30) we can say that z0 is a pole of Q[f, g] of order
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at most (p+ q − 1)γQ2 + (ΓQ2 − γQ2).
Now from (3.28) we have

Q∗[f, g] =
Q[f, g]

P [f, g]

and hence we can say that if z0 is a pole of Q∗[f, g], it will be a pole of Q∗[f, g] of
order at most

(p+ q − 1)γQ2 + (ΓQ2 − γQ2)− (pl + qm)

= (ΓQ2 − 2γQ2)− p(l − γQ2)− q(m− γQ2).

And if z0 is not a pole of Q∗[f, g], we have from (3.28)

1

Q∗[f, g]
=

P [f, g]

Q[f, g]

and hence z0 will be a zero of Q∗[f, g] of order at least

(pl + qm)− (p+ q − 1)γQ2 + (ΓQ2 − γQ2)

= p(l − γQ2) + q(m− γQ2)− (ΓQ2 − 2γQ2).

Thus we obtain

N(r,Q∗[f, g])−N(r,
1

Q∗[f, g]
) ≤ N̄(r,

1

F
) + N̄(r,

1

P [f, g]
) + (ΓQ2

− 2γQ2)[N̄(r, f) + N̄(r, g)]− (l − γQ2)N(r, f)

− (m− γQ2)N(r, g) + S(r, f) + S(r, g). (3.43)

Now using (3.43) in (3.42) we get

m(r,
1

Q∗[f, g]
) ≤ N̄(r,

1

F
) + N̄(r,

1

P [f, g]
) + (ΓQ2 − 2γQ2)[N̄(r, f) + N̄(r, g)]

− (l − γQ2)N(r, f)− (m− γQ2)N(r, g) + S(r, f) + S(r, g). (3.44)

Now from (3.34), (3.40), (3.41) and (3.44) we obtain

2l ×m(r, f) + 2m×m(r, g) ≤ 2nγQ2 [m(r, f) +m(r, g)] + N̄(r,
1

F
) + N̄(r,

1

P [f, g]
)

+ (ΓQ2 − 2γQ2)[N̄(r, f) + N̄(r, g)]− (l − γQ2)N(r, f)

− (m− γQ2)N(r, g) + S(r, f) + S(r, g)
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i.e., l ×m(r, f) +m×m(r, g) ≤ 2nγQ2 [m(r, f) +m(r, g)]+N̄(r,
1

F
) + N̄(r,

1

P [f, g]
)

+(ΓQ2 − 2γQ2)[N̄(r, f) + N̄(r, g)]−(l − 2nγQ2)N(r, f)

−(m− 2nγQ2)N(r, g) + S(r, f) + S(r, g)

i.e., l[m(r, f) +N(r, f)] +m[m(r, g) +N(r, g)] ≤ N̄(r,
1

F
) + N̄(r,

1

P [f, g]
)

+2nγQ2 [m(r, f) +N(r, f)] + 2nγQ2 [m(r, g) +N(r, g)]

+(ΓQ2 − 2γQ2)[N̄(r, f) + N̄(r, g)] + S(r, f) + S(r, g)

i.e., lT (r, f) +mT (r, g) ≤ N̄(r,
1

F
) + N̄(r,

1

P [f, g]
) + 2nγQ2T (r, f) + 2nγQ2T (r, g)

+(ΓQ2 − 2γQ2)[N̄(r, f) + N̄(r, g)] + S(r, f) + S(r, g)

i.e., (l − 2nγQ2)T (r, f) + (m− 2nγQ2)T (r, g) ≤ N̄(r,
1

F
) + N̄(r,

1

P [f, g]
)

+ (ΓQ2 − 2γQ2)[N̄(r, f) + N̄(r, g)] + S(r, f) + S(r, g).

Hence the proof is complete.

Acknowledgement
The authors are grateful to the referees and editors for their valuable suggestions

and comments towards the improvement of the paper.

References

[1] Barker, G. P. and Singh, A. P., On Differential Polynomials, Commentarii
Mathematici Univercitatis Sancti Pauli, Vol. 29, No. 2 (1980), 183-191.

[2] Bhoosnurmath, S. S. and Prasad, K. S. L. N., On the value distribution of
some differential polynomials, IJMSI, Vol. 2 Issue 1 (2014), 41-48.

[3] Doeringer, W., Exceptional values of differential polynomials, Pacific J. Math.,
98 (1982), 55-62.

[4] Hayman, W. K., Meromorphic Functions, The Claredon Press, Oxford, 1964.

[5] Xiao, X. Z. and He, Y. Z., Meromorphic and algebroid solutions of higher
order algebraic differential equations, Sci. Sinica Ser. A, 26 (1983), 1034-
1043.

[6] Yang, C. C., A Note on Malmquist’s Theorem on First Order Differential
Equations, Ordinary Differential Equations, Academic Pres Inc., New York,
1972.



90 J. of Ramanujan Society of Mathematics and Mathematical Sciences

[7] Yi, Hong-Xun, On the Value Distribution of Differential Polynomials, Journal
of Mathematical Analysis and Applications, 154 (1991), 318-328.


