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1. Introduction, Definitions and Notations

Let f be a non-constant meromorphic function in the complex plane and m(r, f),
N(r, f), T(r, ) have their usual meanings in the Nevanlinna Theory [4]. Let S(r, f)
denotes any quantity satisfying S(r, f) = o(T'(r, f)) as r — oo except possibly a set
of finite linear measure. Let a(z) be a meromorphic function in the plane satisfying
T(r,a(z)) = S(r, f) as r — oc.

Definition 1.1. A monomial in f is an expression of the form

M[f] = (f())"(fD )" (F P (=)
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where ly, Iy, ... , lp are non-negative integers.
Here we denote

to be the degree of the monomial and
Py=lo+20L +3la+ ...+ (k+ 1)l

to be the weight of the monomial.
Now if M;[f], Ma[f], ... , M,[f] denote monomials in f then

QU = ax My[f] + agMa[f] + ... + anM,[f]

with a; 0 (i = 1,2,...,n) is called a differential polynomial in f of degree vo =
maz{ym, : 1 <1 <n} and weight I'g = maz{Ty;, : 1 <i <n}.

If yar, = Y, = ... = Y1, = Yo then Q[f] will be called a homogeneous differential
polynomial of degree vq.

Let f and g be two non-constant meromorphic functions in the complex plane and
S(r, f), S(r,g) denote any quantities satisfying S(r, f) = o(T'(r, f)) and S(r,g) =
o(T(r, g)) respectively as r — oo except possibly a set of finite linear measure. Let
a(z) be a meromorphic function in the plane satisfying 7'(r,a(z)) = S(r, f) and
T(r,a(z)) = S(r,g) as r — 0.

Now we introduce the analogous definitions for two non-constant meromorphic
functions f and g.

Definition 1.2. A monomial in f and g is an expression of the form

M(f,g] = (F(2))°(F V()" (P 2) " (g(2))™ (g (2))™ .. (g9 (2))™

where ly, 1y, ... , U, mo, my, ... , m; are non-negative integers.
Here we denote

= lo+lL+..+1)+ (mo+m1+ ... +my)
to be the degree of the monomial and
Fy={lo+2L+3L+ ...+ (k+ 1)} +{mo+2my +3ma + ... + (j + 1)m;}

to be the weight of the monomial.
Now if M[f, g], Ma[f, g, ... , My|f,g] denote monomials in f and ¢ then

Q[fa g] = alMl[f7 g] + CLQM?[fa g] +...+ a’nMTb[f’ g]
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with a; 20 (i = 1,2, ...,n) is called a differential polynomial in f and g of degree
Yo = maz{yy, : 1 <i <n} and weight I'g = maz{Ty;, : 1 <i < n}.

Evidently, if yar, = yam, = ... = Y, = Yo then Q[f, g] will be called a homogeneous
differential polynomial of degree 7q.

2. Preliminary Results
n [6], C. C. Yang proved the following theorem.

Theorem 2.1. Let f(z) be a transcendental meromorphic function with N(r, f) =
S(r, f). If
P[f] = (f)n + (117Tn_1[f] + azﬂ'n_g[f] + ...+ an_lm[f] + Ay, (21)

where each m;[f] is a homogeneous differential polynomial in f of degree i, then

T(r, P[f]) = nT(r, f) + S(r, f)-

Using the result of Theorem 2.1, S. S. Bhoosnurmath and K. S. L. N. Prasad [2]
proved the following theorem.

Theorem 2.2. Let f be a transcendental meromorphic function in the com-

plex plane and Q1[f], Q2[f] be differential polynomials in f satisfying Q1[f] # 0,
Q2[f] £ 0 and P[f] is defined by (2.1). Now if

= P[f]Q:1[f] + Q2[f]
then

(n =907 ) < N ) + N 5

The proof of Theorem 2.2 is based on the following four lemmas.

)+ (Tq, —YQ, + L)N(r, f) + S(r, f).

Lemma 2.1. [7] If Q[f] is a differential polynomial in f with arbitrary meromor-
phic coefficients q;, 1 <1 < n, then

m(r, Qf]) < vgml(r, +Z (r.q:) + S(r, f).

Lemma 2.2. [7] Let Q*[f] and Q[f] denote differential polynomials in f with arbi-
trary meromorphic coefficients qi*, q2*, ..., qn* and qi, qa, ..., qr Tespectively. Suppose
that P[f] is given by (2.1). If P[f]Q*[f] = Q[f] and vg < n, then

]) < Zm(ra%*) +> m(r,q) + S(r, ).

i=1
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Lemma 2.3. [7] Suppose that M|f] is a monomial in f. If f has a pole at z = z
of order m, then zy is a pole of M[f] of order (m — 1)ya + Ts.

Lemma 2.4. [7] Suppose that Q[f] is a differential polynomial in f. Let zy be a
pole of f of order m and not a zero or a pole of coefficients of Q[f]. Then zy is a

pole of Q[f] of order at most mvyg + (g — vg)-

3. Main Results
In this section we present our main results of the paper.

Theorem 3.1. Let f(z) and g(z) be two transcendental meromorphic functions
with N(r, f) = S(r, f) and N(r,g) = S(r,g). Also let

Plf,g) = f'g" + arma—1.m)[f, 9] + 01T @m-1)[f, 9] + a7 (@—2.m) [ 9]
+b27T(l,m—2) [fa g] + .+ Q[T(0,m) [fa g] + bmﬂ'(l,()) [f: g] (31)

where each | f, 9] is a homogeneous differential polynomial in f and g of degree
(I +m) having sum of finite terms

(FEN DB )" (g(2) (gD (2)™ .. (gD (2))™
such that (Ip + U + ... + lx) = 1 and (mg + my + ... + m;) = m; ay,as, ..., q

being small functions of f and by, bs, ..., b, being small functions of g. Now if
|f(re®)| = |g(re)| > 1 on the circle |z| = r, then

ST, f) + T (r g)] < T(r, PLE ) + 57, f) + S(0.9)
<20T(r, f) +mT(r,g)] (3.2)
Proof. From (3.1) we have

6117T(171,m)[f7 9] i blﬂ(l,mfl)[fa 9] X a27r(l72,m)[fa 9]

Pf, gl = f'g"{1+

flgm flgm flgm
+bz77(z,m—2) [fa 9] T a;mo,m) [fa g] bmﬂ(z,o) [fa 9]}
flgm flgm flgm
A, B, A, B A, B,
:flgm{1+71+?1+f—§+g—j+...+ﬁ+g—m} (say) (3.3)
where
aiT(—imLf, 9l

A; = for 1=0,1,2,...)1

(H=igm
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and
biﬂ_(l,mfi) [f7 g]

(Hgym= -

Now since 7 m)[f, g] is a homogeneous differential polynomial in f and g of degree
(I +m), precisely, a finite sum of terms

(PN (P (=) (g(2)) ™ (g ()™ . (g ()™

such that (I + 1 + ... + Iy) = L and (mo + my + ... + m;) = m, we have

B; = for i=0,1,2,....m

(Tl 9ly SO (FO) () (g0 (g )™
(/) (g)" (7))
=m(nZ(f}l)>h<f;)>’2...<f}k)>l s sy
< St Py ey o)
<§:hm -+WMT%?y+ + lem(r, ?>+mﬂwn%;)

9@ gu)
Fmam(r, Z=) & e mym(r, =)} + O(1)

=S(r, f)+ S(r,g9), using Millouz's Theorem.
Which implies

m(r, 1;1—;)) =S(r,f)+S(r,g) (3.4)
and similarly 5
mmaﬁzswﬂ+5mm- (3.5)

Hence using (3.4) and the fact that a;’s are small functions of f, we have

m(r, Ag) < m(r, %) + m(r, ap)
0

= 5(r, ) +5(r,9)

and likewise, using (3.5) and the fact that b;’s are small functions of g, we have

m(r, By) < m(r, f—o) + m(r, by)

=S(r, f)+ S(r,g).
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Similarly, for all © = 1,2, ..., [ it follows that
m(r,A;) = S(r, f) + S(r,g) (3.6)
and also for all : = 1,2, ..., m it follows that
m(r, B;) = S(r, f) + S(r, ). (3.7)
Now on the circle |z| =, let
A(re®) = maz{| A (re”)|, | As(re®) |2, .., | Ai(re®)| T}

and
B(re®) = maz{|By(re®)|, | Ba(re®)|2, ..., | By (re®)|m }.

Then from (3.6), we have

m(r, A(z)) = S(r, f) + S(r,g) (3.8)
and from (3.7), we have
m(r,B(z)) = S(r, f) + S(r, g). (3.9)
Again let
Ey,={0€[0,2n] : |f(re?)| > 4A(re?)}
and

Ey = {0 €[0,27] : |g(re®)| > 4B(re)}.
Then on E; N Es, we have from (3.3)

A A A B, B B,
|P[f,g]|:|f|l|g|m|1+71+f—22+...+f—ll+j+g—;+...+g—m|
A A A, B, B By,
> |f1'lg] [1—!71!—If—§!—~--—IF\—I—II—\—j!—---—I—mH
g g 9
o A A A, B B B,
> |f1'lg] [1—!7|—!7\2—---—\Fll—\—!—\—ﬁ—---—!—| J
g Y

since on the circle |z| =r, A > |A,|% foralli=1,2,..1

and B > |BZ|% foralli=1,2,....m
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1 1 1 1 1 1
> Hol™1 — = — (22 — . = () =2 = (22— .. = (=)™
A 1 B 1
; EiNEy, |5|<>and|=|< -~
since on Ey N Ey, ]f\<4cmd|g]<4
1 1 1 1 1 1
— g™ = {5 4 (224 ()Y — = (22 4+ (5
PP = (G + (0 + ot () = (G + G 4+ ()]
1 1
> |6l ~ () — {2 )]
2 4
1 1
— l m _ 2 _
AHlgl™— 5~ 3
1 ! m
e
Hence on E; N Ey we have
3IP[f.gll = |fI'gI™
i.e., log®3|P[f,g]| >log* |f|'|g™
So,
llog™ |f] <log3+log™ |P[f,d]| (3.10)
and
mlog™ |g| <log3-+log™ |P|f,g]|. (3.11)

Therefore using (3.10) and by our hypothesis that on the circle |z| = r, | f(re?)| =
lg(re®)|, on E\¢, |f(re?)| < 4A(re??) and on E; N Ey°, |g(re?)| < 4B(re?), we
have

1 2 )
Ixm(r, f)=1x —/ log™ | f(re®)|dd
2 Jo

1 A ,
= — Log™ | f(re®)|d6 + S log™ | f(re')|dd
27 EiNEs 27 E1NE>°€
l )
o 1 + 10 d9
+op [ g Irtre”)
1 l A
< — (log 3 +log™ | P[f, g]1)d6 + — log* |g(re)|df
27 Jg,nE, 2T JEinEye
l
+ = log™ 4A df
27 Jpe
1 1 i
< — log 3d6 + — log™ | P[f, g]|d0

27 E1NEs 27 E1NEs
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l [
+ — log" 4B df + — log™ 4A df
27T E1NEs° 27T B¢

1 2 1 2 l 2
< —/ log 3df + —/ log™ |P[f, g]|df + —/ log™ 4B df
2m Jo 2m Jo 2m Jo

2m
+ L / log™ 4A do
2w Jo

1 2 l 2
=log 3 + —/ log™® |P[f, g]|dO + —/ log™ 4d#
2 Jo T Jo
l 21 l 2m
+— log™ B d€+—/ log™ A dff
2m Jo 2m Jo
=log3 + m(r, P[f,g]) + 2llog4d + 1 x m(r, B) + 1 x m(r, A)

— m(r, P[f.g]) + S(r. f) + S(r.g),  using (38) and (3.9).
Adding I x N(r, f) on both sides and recalling that N(r, f) = S(r, f) we get

LXT(r, f) <m(r, P[f,g]) + S(r, [) + S(r,g)
<T(r,Plf,9]) + 50, [) +5(r, 9). (3.12)

Similarly, using (3.11) and by our hypothesis that on the circle |z| = r, |f(re??)| =
lg(re®)|, on By, |g(re®®)| < 4B(re) and on E\°N By, |f(re??)| < 4A(re?), we
have
1 [ .
m x m(r,g) =m X —/ log™ |g(re'?)|db
2 Jo
1

= — mlog™ \g(rew)]dﬁ + m/ log™ |g(7’ew)\d9
27T FE1NE> 27T FE1°NEy
m .
o 1 + 10 d@
w5 [ dow" latre”)
<or [ (og3log” PN+ % [ log"|f(re")a0
27T FE1NE> 27T FE1°NE>
m +
+ — log™ 4B df
27 Jgye
1 1 .
< — log 3d6 + — log™ | P[f, g]|d6
27T FE1NE> 27T FE1NE>

+— log™ 4Adf + u log™ 4Bdf
27 J g enE, 21 Jp,e
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1 2 1 2w N m 2w N
< — log 3d0 + — log™ |P[f, g]|d0 + — log™4A df
27T 0 27T 0 27T 0
2
+ / log™ 4B df
2 Jo
1 2m m 2w m 2w
:log3+—/ log*[P[f,g]\dG—i——/ log+4d9—i——/ log™ A df
21 Jo T Jo 2m Jo

+ﬂ/%log+B do
2 Jo

=log 3 + m(r, P[f,g]) + 2mlog4 +m x m(r, A) + m x m(r, B)

=m(r, P[f,g]) + S(r, f) + S(r,9), using (3.8) and (3.9).
Adding m x N(r,g) on both sides and recalling that N(r,g) = S(r,g) we get

m x T(r,g) <m(r, P[f,g]) + S(r, f) + 5(r,9)
<T(r,Pif,g]) +S(r f)+S(rg). (3.13)

Now adding (3.12) and (3.13), we get

ILxT(r,f)+mxT(r,g) <2T(r, P[f,q]) + S(r, f) + S(r,9)
i.e., %[l XT(r,f)+mxT(r,g)] <T(r,P[f,g])+S(r, f)+ S(r,g). (3.14)
Next from (3.3) we have
m(r, P[f,g]) = m(r, f'g"™ + A f g™ + B flg™
+ Ao f'72g™ + Bof'g™ 2 4 . 4+ Aig™ + B f)
<m(r, flg™ + A f "+ Ao f' TP+ Ag™)
+m(r, Bif'g™ ' + Bof'g™ % 4+ ... + B f') 4+ log 2
=m(r, g™ {f' + A ST+ A f TP L+ A
+m(r, f{Big™ " + Bog™ ? + ... + B, }) + O(1)
<m(r,g™) +mr, fL+ A fTN A f P4 L+ A
+m(r, f1) + m(r, Big™ " + Byg™ 2 + ... + B,,) + O(1)
<m xm(r,g) +m(r, fr + AL fT 4+ A f TR L+ AL f)
+m(r, A) + 1 x m(r, f) + m(r, Big™ " + Bog™ % + ...
+ Bpo19) + m(r, By,) + O(1)
<m xm(r,g) +m(r, f{f7N AT L Ao f + A ))
+Ixm(r, f) +m(r,g{B1g™ * + Bag™ > + ... + Bp_ag
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+ Bpo1}) + S(r, f) + S(r,g), wusing (3.6) and (3.7)
< (I4+1) xm(r, f) +(m+1) xm(r,g) +m(r, f1 4+ A f72 +
+ Aiof + A1) +m(r, Big™? 4 Bog™ 3 + ...+ Bi_ayg
+ Bp-1) + S(r, f) + S(r, g)
< (14 1) xm(r, f) + (m+1) x m(r, g) +m(r, f{f7 + A7 +
+ Aisf + Aia}) +m(r, g{Big™® + Bog™ " + ...+ Bisg
+ Bpo}) + S(r, f) + S(r, 9)
< (1+2) xm(r, f) + (m+2) x m(r,g) +m(r, f72 + A f 70 +
+ Aisf + Ais) + m(r, Big™ ™ 4+ Bog™ 4 ... + Bp_sg
+ By2) + S(r, f) + S(r, g).

Proceeding similarly, we ultimately get

m(r, P[f, g]) < 20 xm(r, f) + (2m — 1) x m(r,g) + S(r, f) + 5(r, 9)
<20 x m(r, f) +2m x m(r,g) + S(r, f) + S(r, g). (3.15)

Finally using (3.15) and by our hypotheses that N(r, f) = S(r, f) and N(r,g) =
S(r,q), we get

T(r,P[f,g]) = m(r,P[f,g]) + N(r, P|f, g])
<2l x m(r, f)+2m x m(r,g) + S(r, f) + S(r, g)
S2UXT(r,f)+mxT(r,g)]+ S(r, f) +S(r,g). (3.16)

Combining (3.14) and (3.16) we obtain the result of the theorem.

Here the condition that |f(re)| = |g(re?)| > 1 on the circle |z| = r can not be
dropped. To show the necessity of this condition we can consider the following
example.

Example 3.1. Let f( ) =e*(z — 2) and g(z) = e * where P[f,g] = fg.

Here | = 1, m = 1, T(r, f) = £ 4 O(logr), T(r,g) = Z and T(r, P[f,g]) =
logr + O(1) for r > 2.

Hence the inequality $[1T(r, f) +mT(r,g)] < T(r, P[f,g]) + S(r, f) + S(r, g) does
not hold here for large r. This happens because for large r, |g(re?)| # 1 on the
circle |z| = r.

Also Theorem 3.1 fails to hold if f and g are not transcendental. To show this we
consider the following example.

Example 3.2. Let f(z) = (z — 2)? and g(z) = -5 where P[f, g] = fg.
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Herel =1,m =1,T(r, f) = 2logr+0O(1), T(r,g) = logr+O(1) and T'(r, P[f, g]) =
logr + O(1).

Hence the inequality 3 [IT(r, f) +mT(r,g)] < T(r, P[f,g]) + S(r, f) + S(r, g) does
not hold here. This happens because f and g are not transcendental here although
|f(re?®)] > 1 but |g(re®)| # 1 on the circle |z| = r when 7 is large.

Now we prove the following lemmas which will be needed to prove Theorem 3.2.

Lemma 3.1. If Q[f, g] is a differential polynomial in f and g with arbitrary mero-
morphic coefficients q;, 1 < i < n, then

m(r, Q[f, g]) < 2nvyg[m(r, f) +m(r,g)] + Zm(r, ¢)+ S(r, f)+ S(r,g).

=1
Proof. Let

where each
M;[f, g = (F)(FO ) (FP (=) (g(2))™0 (g (2)) ™. (g (2)™
is a monomial in f and g of degree
Yot = (lio + lix + o 4 L) + (Mao + mag + ...+ myy).
Here the degree of the differential polynomial Q[f, g] is given by
vo = mazx{yy, : 1 <i<n}.
From (3.17) we can have

m(r, QLf, g]) = m(r, n Mi[f, 9] + @2 Ma[f, g + ... + @ M[f, g])
(r, i Mi[f, g]) +m(r, @2 Ma[f, g]) + ... +m(r, g My[f, g]) + O(1)
(r,q1) +m(r, Mu[f, g]) + m(r, q2) +m(r, Ma[f, g]) + ...

+ m(r, qn) + m(ﬁ Mn[fa 9]) + 0(1)

<m
<m

3

IN

m(r, q;) + 2lLym(r, f) 4+ 2mym(r, g) + 2lam(r, f) + 2mam(r, g)

i=1

+ ...+ 2lnm(7“, f) + anm(ra g) + S<T7 f) + S(T7 g)’
assuming l; = (lip + L + ... + L) and m; = (Mg + My + ...
+ m;;) and using (3.15)

= Zm(r, ¢) + 2m(r, f) Zli +2m(r, g) Zmi + S(r, f)+ S(r, g)

i=1 =1 i=1
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< Z m(r, q;) + 2m(r, f) ZU’ +m;) + 2m(r, g) Z:(lz +m;)
+ S(r, f)+ S(r,g)
= Z m(r, q;) + 2[m(r, f) + m(r, g)] Z(li +my;) +S(r, )+ S(r,9)
=3 )+ 20mr, )+ i) Y s+ () + 50,)
< Z m(r, q;) + 2nygm(r, f) + m(r,g)] + S(r, f) + S(r, 9)
= 2n30[m(r, f) +m(r,g)l + Y m(r,q) + S(r, f) + S(r, g).

i=1
Hence the proof is complete.

Lemma 3.2. Let Q*[f, g] and Q[f,g] denote differential polynomials in f and g
with arbitrary meromorphic coefficients ¢1*, q2*, ..., q,* and qq, qa, ..., Qi respectively.
Suppose that

Pif, gl = flg™ +a f g b flg™ T Fag o f g™

Fbma flg™ 2 4 .+ agg™ + bo £l (3.18)
If
P[f,91Q"[f, 9] = Qlf. g), (3.19)
Yo < (I4+m), in fact if

where
M;[f. g) = foo(fO)r(fO) g (g)n (gW)om for i=1,2,.k;
with oo, 4, ..., Q4j, Bios Bits -+, Biny 7, b being non-negative integers such that
maz{a; = a0+ + ...+ 1 <i <k} <l and

max{fi =B+ P+ ..+ 0n:1<i<k}<m
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and on the circle |z| = r, |f(re??)| = |g(re?)| , then

TQ fa <Zmrqz ;m(raqi)_'_m(T?P[f’g]

Proof. We first prove the case when
ai—1 = A2 — ... = Qg = 0= bm,1 = bm,Q =..= b(].
In this case we can rewrite (3.19) as

flg"@[f.9] = Qlf. gl (3.21)

Now we suppose

Q*f, 9] = G M{[f, 9] + oM [f, 9] + ... + ¢, M [f, 9] (3.22)

where
M!(f,g] = fsio(f(l))s“...(f(“))si“gtio(g(l))t“...(g(“))ti“ for i=1,2,...,n

with s0, Si1, ...y Siu, tio, ti1, ---, tiv, U, U being non-negative integers.
First we consider |f(re?)| = |g(re?)| > 1.
Then from (3.20) and (3.21) we have

Q*[f. 9l = 1f g~ QLf. 4]l
k
=f"g™™ > " aMilf, gl

i=1

k .
f(l) o f(J) o g(l) ' g(h) e A
= 1D a() () (P ()Pt
1 h
Qij £|ﬁ11’£
f

Bin f

1 ()
< qu@-HfT\aﬂ..»fT

] (1 (h)
_|a”| |/3@1 | |ﬁz’h’

since |f(re?)| = |g(re® )| >1 and o; —1<0, B —m<0.
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Hence,

1
o R A
T JIfI1=lgl>1

k

| /27r FO D) g g
< — log ™ (Y ||| ... | |7 | Z— [P | 2 |Pin ) d
o ), ;leHf I [ 51
k 2m 1 j h
1 f( ) o f0) g g
< J— l + N P O‘tl' . Qg le Bin d@ 1
<o [ el e e e + o)
i=1
k 2m 2 1)
1 + + f( o;
= 7;:1 %/ log™ |¢;|d0 + E / log™ |— 7 1do + ..
2T (j
.t —/ log* | 7 “iidf) 4+ — / log™ ’8’1d9 + ..

Findh) + O(1)

2m (h)
9
.+ —/ log™ |Z—
f

i (1) 4)
:Z m(r, g; —l—Zaﬂm ,ff + ...+ ayym(r, fT)
- g(l) g(h)

— Zm(r, ) + Z[OzilS(r, )+ .. +aS(r, f)

4 BaS(rg) + o + BnS(r, )] + O(L),

using Milloux's Theorem

k
= "mr.q) + S0, f) + S(r.9). (3.23)
Next we consider |f(re?)| = |g(re??)| < 1. From (3.22) we have
Q°[f, 9l = 1> a; M [f. gl
i=1

_ ’ Z q;“fSiO (f(l))silm(f(u))siugtio (g(l))tilm<g(v))tw

i=1
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Z|q [
=it g g
Hence,
— log™ |Q"[f, glld#
T Jif1=lgl<1
1 /2” " FO @ g )
< — log™ ] E A L A e A R
2 (Z’ | f | f g | g )
f(l) ) f(u) . g(l) . g(”) 4
<Z / ’qu f 11 |T iu 7t11.'.’_tzv>d0+0(1)

o [ rorlatlan + Y [ o K as
= — og™ |q;|df + —/ og" | —|"db + ...
= 27 Jo = 2™ Jo f

1 2 (u) 1 27 (1)
ut —/ log™ |1 |5 + —/ log™ [L[t1d + ...
0 g

f
2w
+— / log™
) (u)

:Z m(r, q; —|—Zs“m )+ oo+ sium(r, ff)

g g

wde) +0(1)

n

= Zm(r, q) + Z(Sils(ra )+ o+ 55(r, f)

i=1
+ tﬂS(’f’, g) + ...+ tivS(T, g)) + O(l),

using Milloux's Theorem

=> m(r,q) +S(r, )+ S(r.g). (3.24)
=1
Adding (3.23) and (3.24) we get
1 1
- log* |Q"[,g]ldB + o log™ |Q°[f. g)ld0
T Jifl=lgl>1 ™ Jifl=lgl<1
k

<> mr) + Y mlr.g) + S ) + S(r.g)

i=1
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ie.,

k

1 27 n
%/0 log™* |Q*[f, g]|do < ;m(r, @)+ > m(r,q)+ S(r f) + S(r.g)

i=1

ie.,
k

m(r.Q'[f.g) £ 3 mlr.a) + Yo mir.a) + S(r. 1) + S(r.9).

i=1
Now we consider the general case when a;_1,a; 2, ...,a0; bp—1,bm_2, ..., by are any
arbitrary meromorphic functions with smaller growth than f and g respectively.
Then from (3.19) we can write

P (g™ + aa f7 g™ + b flg™ 4 o+ aog™ + bofHQF(f, 9] = fl9™ QLS. g)

or, flg™R*[f,g] = R|f, g], say where R*[f, g] and R[f, g] are differential polynomi-
als in f and g with meromorphic coefficients ¢} (1 4+ a;—1 + by—1 + ... + ag + by),
G4+ a14+bn1+...+a +0by), ... ,q(1+a_1+40bn_1+..+ay+b) and g,
q2, .- , qr respectively.

Hence by first case

m(r, R*[fa g]) S Zm<r7 q:(l + a1+ bm,1 + .4 ap + bO))

¥ ﬁ;mm @)+ S0 1) + 5(r.9)
< i) + imm 0) + 50 1) + 5(r.9)
So, : )
m(rQ"[f.g]) < mir RS ) + m(r. )
< Zm< @)+ Zm< )+ mir, o)+ () + (1.9

Hence the proof is complete.

Lemma 3.3. Suppose that M|f,g] is a monomial in f and g. If f and g has a
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pole at z = zy of order p and q respectively, then zy is a pole of M[f, g] of order at
most (p+q— 2)ya + Tas.

Proof. Let
M[f,g] = (F(2))(FD ()" (FP(2)) " (g(2))™ (¢W (2)) ™. (g (2))™
where ly, l1, ... , [y, Mo, m1, ... , m; are non-negative integers;

v = lo+ L+ ..+ 1)+ (mo+m1+ ... +my)
is the degree of the monomial and
Py={lo+24+3l+ ...+ (k+ 1)} +{mo+2my +3ma + ... + (j + 1)m;}

is the weight of the monomial.
Now since zj is a pole of f and ¢ of order p and g respectively, z, will be a pole of
M]f, g] of order

={plo+(@+Dh+...+@+E)}+ {gmo+ (¢ + 1)mi + ... + (¢ + j)m,}
={pllo+lL+ ... +l)+ {1+ 20+ ...+ kly)} + {g(mo +m1 + ... +m;)
+ (mq +2me + ... + jm;) }
=[p-—DUo+b+ ...+ L) +{lo+2L+3l+ ...+ (k+ 1)}]
+ (¢ —1)(mo +mq + ... + m;) + {mo + 2mq +3ma + ... + (5 + 1)m,}]
<@p-Dymu+@—Dyuw+{lo+24+3l+ ...+ (k+ 1)} + {mo +2my
+3me + ...+ (j + 1)m;}
=(+a—2) +Tu

Hence the proof is complete.

Lemma 3.4. Suppose that Q|f, g] is a differential polynomial in f and g. Let zy be
a pole of f and g of order p and q respectively and not a zero or a pole of coefficients

of Qlf,g]. Then zy is a pole of Q[f, g] of order at most (p+q—1)vo+ (I'g —7¢)-
Proof. Let

where each
M;[f, g = (F)"(FP ) (FP () (g(2))™0 (g (2)) ™. (g (2)™
is a monomial in f and g of degree

Yar, = (lio + lin + oo + lig) + (Mo + M1 + ... + myy)
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and of weight
Coar, = {lio +2la + ... + (K + D)l } + {mio +2mi + ... + (§ + 1)my; )
Here the degree and weight of the differential polynomial Q|f,¢g] is given by
vo = max{yy, : 1 <i<n}
and
Fg=max{ly, :1 <i<n}

respectively.

Now since zj is a pole of f and g of order p and ¢ respectively and not a zero or a
pole of the coefficients of Q[f, g], by using the Lemma 3.3 we can say that z; is a
pole of Q[f, g] of order

< max{(p+q—2)ym + T}

1<i<n

< max{(p+q—2)y} + max{Ta,}

1<i<n
=(+q—2)7+Tq
=(p+q—1)v+Tq—9)

Hence the proof is complete.

Theorem 3.2. Let f and g be transcendental meromorphic functions in the plane
and Q1lf, g], Q2[f,g] be differential polynomials in f and g satisfying Q1[f, g] #
0, Qa2[f,g] Z 0 with Q:1[f,g] and Qs[f,g] consisting of n arbitrary meromorphic
coefficients which are small functions of f and g and P[f, g| be given by (3.18). If

and on the circle |z| = r, | f(re?)| = |g(re®)|, then
(l - 2n7Q2)T(r> f) + (m - 2”7@2)T<T7 g) < N(T7 %) + N(7°> P[;- g]) + (FQQ
— 29Q,)IN(r, f) + N(r, g)] + S(r, f)
+5(r, ).

Proof. Without loss of generality we may suppose [ > 2nvyq, and m > 2n-y,.
From (3.25) we have
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ie.,
F' = S P01, 6+ @l ) (3.20)
Again differentiating (3.25) we have
F' = (P[f,g])Qilf. gl + PLf, gl(@:[f, )" + (@[, 9])'- (3.27)

Now comparing (3.26) and (3.27) we have

%P[f, glQ1[f, 9] + %Qz[f, g9l = (P[f, g9])Qilf, 9] + PLf, gl(Q1[f, 9])" + (Qa2[f, g])

i'€'7 %/P[f7g]Ql[f7g]_(P[fvg]>/Q1[f7g]_P[fag](Ql[fug])l = (QQ[f?g])/_%/QQ[fvg]

ico PG~ G Q- @Ira)) = @lfal) - ulrd
h PIfg)Q"If. 4] = QL. (3.25)
where

@lral=polrd- Tl - @iray )
and

QIf.g] = (Qslf. g]) — H @I, (3.30)
If Q*[f,g] =0, then from (3.28) we have
Qlf, 9] =0

ben (Qulfgl) — Qi) =0, using (3:30)

@l P
T @[fig B
Integrating we get
F= Cl@Q[f? g]
ie, Plf,gl@Qilf,g] + Qalf gl = C1Q:[f,g],  using (3.25)
i'€'7 P[fv g]Ql[f7 g] = CQ2[f; 9]7 (331)

assuming C; — 1 = C'(# 0) is a finite complex number.
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Now using the Lemma 3.2 and assuming that the coefficients of Q1 [f, g] and Qs]f, ¢
are small functions of f and g, we get

m(r,@Qu[f, g]) = S(r, f) + 5(r, 9)- (3.32)

Again from (3.31) we have

— m(r Q2[f: g]
m(T,P[f,g])— (7CQ1[]£,9])
1
<l Qulfg) +mln G H O (333)
Also from (3.15) we can write
m(r, P[f,g]) = 2l x m(r, f) + 2m x m(r,g) + S(r, f) + S(r, 9). (3.34)

Again if Qs[f,g] consists of n arbitrary meromorphic coefficients then applying
Lemma 3.1 and using the hypothesis that the coefficients of Qs[f, g] to be small
functions of f and g, we get

m(r, Qalf, g]) < 2n3q,[m(r, f) +m(r, )l + S(r, f) +5(r, 9). (3.35)

Also, by the First Fundamental Theorem we have

T(r, =) = T Qulfg)) + O
e i ) + N o) = mn @ilfg) + N @ilf.) + O()
ie. m(r, Ql[; NG Ql[} )= N QP )+ )8 (r.g). - using (3.32)
ie, mir Qlff’ =) = N Qilf.g]) = NG m> 4+ S(r, f)+ S(r.g). (3.36)

It is clear that a pole of Q1[f, g] is either a pole of f or g, or a pole of the coefficients
of Ql [f7 g]

Now suppose that zy is a pole of f and g of order p and ¢ respectively and z is
not a zero or a pole of the coefficients of P[f,g], Q1[f, g] and Q2[f, g]. Then from
(3.18) we can say that z, is a pole of P[f, g] of order pl 4 gm.

Also from Lemma 3.4 we can say that zy is a pole of Q[f,g] of order at most
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(p +4q— 1)7@2 + (FQ2 - VQ2)'
Now from (3.31) we have

. QZ[f: g]
T

and hence, we can say that z, is a pole of Q1[f, g] of order at most

(p+q—1)vg, + (Lo, —7q,) — (Pl + qm)
= (Lo, — 270,) — (L —vq,) — a(m — 7g,)-

Thus we obtain
1

N(r,Qilf, g]) = N(r, Qlf, 9]

< (T, = 29,)IN(r, f) + N(r, 9)] = (1 = 1@.)N(r, f)

_(m_fYQQ)N T,g)—l—S(T’,f)—l—S(?”,g).

Now using (3.37) in (3.36) we get
1
7 Ql[fv g]

m(r

Now from (3.33), (3.34), (3.35) and (3.38) we obtain

) < (P, = 29Q.)[N(r, f) + N(r,9)] — (I = 70,)N(r, f)

- (m - VQZ)N(TMQ) + S(T, f) + S(r,g).

85

(3.37)

(3.38)

20 m(r, f) + 2m x m(r, g) < 2n7g,[m(r, f) + m(r, g)] + (g, — 270, [N (r, f)

+ N(Tvg)} - (l - 7@2)]\[(7"7 f)

- (m_7Q2)N(T7.g)+S(T7f)+S(Tag)

ie., Lxm(r, f) +m x m(r, g) < 2nyg,[m(r, f) + m(r, g)] + (Tq, — 270,)[N(r, f)

+ N(r.g)] — (1 - 2090,)N (r. f)

- (m - 2”7@2)N(r7 g) + S(Tv f) + S(h g)

ie., Am(r, f) + N(r, )] +m[m(r, g) + N(r, 9)] < 2n7q,[m(r, f) + N(r, f)]

+ 2n7g, [m(r, g) + N(r, 9)]

+ (_FQ2 - 27@2)[N(T7 f)
+ N(r,9)] + S(r, f) + S(r, 9)

i.e., lT(T‘, f) + mT<T7 g) < QnrYQzT(n f) + 2”7Q2T(r7 g) + (FQz - Q’VQQ)[N(rv f)

+ N(r,g)] + S(r, f) + S(r, 9)

i'6'> (l - QHVQQ)T(Ta f) + (m - 2n7Qz)T(rv g) < (FQ2 - 27Q2>[N(r7 f)

+ N(r,g)] + S(r, f) + S(r, 9)
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—_

i.e., (1= 2n79,)T(r, f) + (m — 2n7g,)T(r,g) < N(r, %) A Plf g])

+ (T, = 29@,)[N(r f)  + N(r,9)] + S(r, ) + S(r. 9),
which is the required result.
Next we suppose that Q*[f, g] Z 0. Then from (3.28) we have Q|[f, g] Z 0.
Now a monomial in f and g is an expression of the form

MIf, gl = (f(2))° (fD ()" (FP ()" (g(2)™ (gW ()™ (g (2))™

with degree

Y = (l0—|—l1 + ... +lk)+ (m0+m1 —{—+m]),

where ly, {1, ... , lg, Mo, m1, ... , m; are non-negative integers.
On differentiation, we get
(M[f.g))
= lo(f(2)*H(fV (= ))ll+1 (fP ) (g(2))™ (g (2)) ™ (g9 (2))™
+L(fE) (SO )LD @) (g(2)™ (g (2)™ (g (2)™ +
e F ()Y @) (FP ) ED(2) (g(2) ™0 (9 (2))™ . (g (2))™
+mo(f(2) (fD ) (B (2)) " (g(2)™ (g (2) ™+ (gD ()™
+ma(f(2)(fD ) (P () (g(2)™ (¢ ()™ (gV ()™ +
e () (SO ) (FP () (9(2)™ (¢ (2)™ (g9 (2)) ™ g+ (2)
Hence

Y =maz{[(lo = 1)+ (1 + 1)+ ...+l + mo+my + ... + my], [lo+ (L — 1)
+ L+ )+ Flh+mo+mi+ .. +my, o+ L+ .+ —1)+1
+mo+mi+ ... +mil lo+ L+ ..+l +(mo—1)+ (m + 1) + ... +my],
lo+h+. . +lh+mo+(my—1)+(me+ 1) +myl,[lo+ 4L+ ...+ 1k
+mo+my+ ...+ (m; — 1)+ 1]}
= max{Var, Yr, - VM }
=M.

Thus we can write vg, = Y@,y Hence from (3.30) we have vg = vg,.

Now using Lemma 3.2 on (3.28) and assuming that the coefficients of Q*[f, g] and
Q[f, g] are small functions of f and g, we get

m(r,Q*[f, g]) = S(r, f) + S(r, 9)- (3.39)
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Again from (3.28) we have

mmﬂﬁwzmmg%%>
Smemw+meﬁwp (3.40)

Using (3.30), Lemma 3.1, Milloux’s theorem and the fact that the coefficients of
Q2[f, g]) are small functions of f and g we have

m(r.QIf.g)) = m(r. (Qalf. ) — = ulf.)

o (Qulf.g)) F
- (7@2[fag]{ QQ[f,g] F})

@lfg)),, F
gm(r,QQ[f,g])—l—m(r, Q2[f7g] )+ (7 F)+O(1)
=m(r,Qs(f, g]) + 5(r, [) + 5(r, 9)
< 207, [m(r, f) +m(r,g)] + S(r, f) + S(r, ). (3.41)

Also, by the First Fundamental Theorem we have

T(r, i) = T Q1.6 + O
om0 gr) + N ) = m(n @'1f.a) + N Q1) + O()
e, mir, Q*Llﬂg])ﬂwr, Q*[;’g]) = N(r.Q"[f.g)+5(r, f)+S(r,g), using (3.39)
e, m(r,@) — N(rQ"[f, g])—N(r,m)—i—S(r, )+ S(r.g). (3.42)

Obviously, from (3.29) we can say that the poles of Q*[f, g] occurs possibly only
from the zeros of F' and P[f,g], the poles of f and g and the zeros and poles of
the coefficients.

Now suppose that zy is a pole of f and g of order p and ¢ respectively and not a
zero or a pole of the coefficients of P[f, g|, Q1[f, g] and Q2[f, g].

Then from (3.18) we can say that zj is a pole of P[f,g| of order pl + gm.

Also by using Lemma 3.4 on (3.30) we can say that z, is a pole of Q[f, g] of order
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at most (p +q - 1)7@2 + (FQz - 7@2)'
Now from (3.28) we have

O

£, g]
P[f,g]

and hence we can say that if zy is a pole of Q*[f, g, it will be a pole of Q*[f, g of
order at most

Q*[f,g] =

(p+aq—1)vg. + Te, —79,) — (pl+qm)
= (FQ2 - 27@2) - p(l - 7@2) - Q(m - 7@2)'

And if zy is not a pole of Q*[f, g], we have from (3.28)

1 _ Plf.g]
Q*[f,9]  Qlf. 9]

and hence zy will be a zero of Q*[f, g] of order at least

(pl + qm) - (p +q— 1)7@2 + (FQ2 - 7@2)
= p(l - 7@2) + q(m - 7@2) - (FQQ - 27Q2)'

Thus we obtain

1

Q*[f, g]) <N

N(r, Q[f, g]) = N(r,

1 - 1
7?) +N(r7m) + (FQQ

= 29Q)IN(r, ) + N(r,g)] = (I = 70,)N(r. f)
= (m =10,)N(r,g) + 5(r, [) + 5(r,9). (3.43)

Now using (3.43) in (3.42) we get

1 . 1 _ _
s ) F N m) + (P, = 270, [N(r, /) + N(r, 9)]

- (l - 7Q2)N(r7 f) - (m - VQQ)NOn?g) + S(T‘, f) + S(?“, g) (344)

Now from (3.34), (3.40), (3.41) and (3.44) we obtain

) < N(r

P[f, 9]
)+ N(r,g)] = (I =q,)N(r, f)

2 m(r, f) + 2m x m(r, ) < 2miq,[m(r, £) + m(r,g)] + N(r, 7) + N(r
NG,
r.g) + S(r, f) + 5(r,9)

+ (T, — 27q,)
— (m —7q,) N (



On the Value Distribution of Some Differential Polynomials ... 89

e., Lxm(r, f) +m x m(r,g) < 2nyg,[m(r, f) +m(r,g)]+N(r, %)—l—N( P[]l” p

+(FQ2 - 27@2)[N(T7 f) + N(Ta g)] (l - 27’L’7Q2) (Ta f)
—(m = 2nyQ,)N(r, g) + S(r, f) + S(r, g)

i.e., Am(r, f) + N(r, f)] +m[m(r,g) + N(r,g)] < N@“%) + N P[;, L

+2n7Q,[m(r, f) + N(r, )] + 2n7q,[m(r, g) + N(r, 9)]
+(FQ2—2%22)[N( f)+N(r,g)] +S(r. f) + 8(r,g)

i.e., IT(r, f)+mT(r,g) < N(r, %) + N(r, iz g]> 2nvq,T(r, ) + 2nv0,T(1, g)
+(FQ2 - 27@2)[N( 7f) + N(’I",g)] + S(Tv f) + S(’I",g)
1 _ 1
e, (L =2n7q,)T(r, f) + (m — 2n7q,)T(r, g) < N(r, yal +N(7’7m)

+ (FQ2 - 27@2)[N<T7 f) + N(T7g)] + S(T‘, f) + S(T7g>'

Hence the proof is complete.

)
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