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Abstract: In this paper we characterize fuzzy m-d,-normal space [7] by fmgd,-
open set, the class of which is strictly larger than that of fuzzy m-open set [2].
Also here we introduce fuzzy quasi (m, m;)-0-preclosed, almost f(m,m;)gd,-closed
and fmd,-fm,gd,-closed functions between two fuzzy m-spaces and establish the
interrelations of these functions. The applications of these functions on fuzzy m-
d,-normal space are shown here.
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1. Introduction

Alimohammady and Roohi introduced fuzzy minimal structure as follows : A
family M of fuzzy sets in a non-empty set X is said to be a fuzzy minimal structure
on X if alx € M for every a € [0, 1] [1]. However a more general version of it is
introduced in [8, 10] as follows : A family F of fuzzy sets in a non-empty set X
is a fuzzy minimal structure on X if Ox € F and 1y € F. In this paper, we use
this notion of fuzzy minimal structure. In [2], we introduced fuzzy minimal space
(fuzzy m-space, for short) as follows : Let X be a non-empty set and m C IX.
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Then (X, m) is called fuzzy m-space if 0x € m and 1x € m. The members of m are
called fuzzy m-open sets and the complement of a fuzzy m-open set is called fuzzy
m-~closed set [2]. In [3], fuzzy m-d-preopen set is introduced. Using this concept
as a basic tool, in [7] we introduce and study fuzzy m-d,-normal space. Here we
further characterize fuzzy m-d,-normal space by introducing fmgd,-open set, the
class of which is strictly larger than that of fuzzy m-d-preopen set.

2. Preliminaries

Throughout this paper, (X, m) or simply by X we shall mean a fuzzy minimal
space (fuzzy m-space, for short). The support [12] of a fuzzy set A, denoted by
suppA or Ay and is defined by suppA = {z € X : A(z) # 0}. The fuzzy set with
the singleton support {z} C X and the value ¢t (0 < t < 1) will be denoted by
xy. Ox and 1x are the constant fuzzy sets taking values 0 and 1 respectively in X.
The complement [12] of a fuzzy set A in a fuzzy m-space X is denoted by 1x \ A
and is defined by (1x \ A)(z) =1 — A(z), for each z € X. For any two fuzzy sets
A,Bin X, A < B means A(z) < B(x), for all x € X [12] while A¢B means A is
quasi-coincident (g-coincident, for short) [11] with B, i.e., there exists x € X such
that A(x) + B(z) > 1. The negation of these two statements will be denoted by
A KB and A (4B respectively. For any two fuzzy sets A and B in a fuzzy m-space
(X,m), A\ B = max{A(x), B(x)}, for all z € X and A A\ B = min{A(z), B(z)},
for all z € X.
For a fuzzy set A and a fuzzy point x, in X, z, € A means A(x) > a.

3. Some Well-Known Definitions
In this section we recall some definitions from [2, 3, 4, 7] which will be used
thereafter.

Definition 3.1. [2] Let X be a non-empty set and m C I an m-structure on X.
For A € I, the m-closure of A and m-interior of A are defined as follows :

mclA:/\{F:AgF,lx\Fem}

mintA = \/{D :D <A, Dem}.

It can be observed that for a given fuzzy minimal structure on X, A € I does not
imply that mintA € m and mclA is fuzzy m-closed. But if m satisfies B-condition
(i.e., m is closed under arbitrary union) [3], then mintA € m and mclA is fuzzy
m-closed.

Lemma 3.2. [2] Let (X, m) be a fuzzy m-space and A € I’X. Then
(i) mclA=Aif 1y \ A€ m and
(ii) mintA = A if A € m.
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Definition 3.3. [3] Let (X,m) be a fuzzy m-space and A € I*X. Then A is
called fuzzy m-reqular open (resp., fuzzy m-preopen) if A = mint(mclA) (resp.,
A < mint(mclA)). The complement of this set is called fuzzy m-regular closed
(resp., fuzzy m-preclosed).

The intersection of all fuzzy m-preclosed sets containing a fuzzy set A is called
fuzzy m-preclosure of A, denoted by mpclA.

Definition 3.4. [3] Let (X, m) be a fuzzy m-space and A € IX. Then fuzzy m-0-
closure and fuzzy m-d-interior of A, denoted by mdclA and mdointA are defined as
follows :

moclA = {x, € X : Agmint(mclU), for all U € m with x,qU},
mointA = \[{W : W is fuzzy m-regular open set in X with W < A}

Definition 3.5. [3] Let (X, m) be a fuzzy m-space and A € IX. Then A is called
fuzzy m-d-preopen if A < mint(mdclA).

Then complement of this set is called fuzzy m-d-preclosed.

The union (resp., intersection) of all fuzzy m-d-preopen (resp., fuzzy m-j-preclosed)
sets contained in (resp., containing) a fuzzy set A in X is called fuzzy m-o-
preinterior (resp., fuzzy m-d-preclosure) of A, denoted by mépint A (resp., mdpclA).
In general, mdpintA (resp., mdpclA) may not be fuzzy m-d-preopen (resp., fuzzy
m-d-preclosed) for any A € IX. But if m satisfies B condition, then mdintA (resp.,
mdclA) is fuzzy m-Jd-preopen (resp., fuzzy m-J-preclosed).

If A e IX is fuzzy m-6-preopen (resp., fuzzy m-d-preclosed), then mépintA = A
(resp., mdpclA = A). The collection of all fuzzy m-d-preopen (resp., fuzzy m-o-
preclosed) sets in (X, m) will be denoted by F'mdPO(X) (resp., FmiPC(X)).

Result 3.6. [7] let (X, m) be a fuzzy m-space and A € I* and z,, be a fuzzy point
in X. Then x, € mdpclA if and only if for any U € FmdPO(X) with x,qU, UqA.

Result 3.7. [7] Let (X,m) be a fuzzy m-space and A € I*. Then for any
Ue FméPO(X), U A= U fgmdpclA.

Lemma 3.8. [7] Let (X, m) be a fuzzy m-space and A, B € I’X. Then the following
statements are true :

(i) mépcl(1x \ A) = 1x \ mépintA,

(i) mépint(1x \ A) = 1x \ mdpclA,

(111) if A < B, then (a) mopclA < mdpclB, (b) mépintA < mépintB,

(iv) mopcl(mdpclA) = mdpcl A,

(v) mopint(mdpintA) = mdpintA.

Definition 3.9. [3] A function f : (X, m) — (Y,mq) is said to be fuzzy (m,my)-
open (resp., fuzzy (m,my)-closed) function if f(U) € my (resp., f(U) € m§) for
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every U € m (resp., U € m°).

Definition 3.10. [3] A function f: (X, m) — (Y, my) is said to be fuzzy (m,my)-
continuous if f~HU) € m for every U € m,.

Definition 3.11. [7] A function f: (X,m) — (Y,my) is said to be fuzzy strongly
(m, my)-0-preclosed function if f(U) € FmdPC(Y') for every U € FmoPC(X).
Definition 3.12. [3] A fuzzy m-space (X, m) is said to be fuzzy m-normal space
if for any fuzzy m-closed set F' and a fuzzy m-open set G such that ' < G, there
exists a fuzzy m-open set H such that FF < H < mclH < G.

Definition 3.13. [7] A fuzzy m-space (X, m) is said to be fuzzy m-6,-normal space
if for any fuzzy m-closed set F' and a fuzzy m-open set G such that F' < G, there
exists a fuzzy m-d-preopen set H such that F < H < mdipclH < G.

4. fmgd,-Closed Set : Some Properties

In this section we first introduce a generalized version of fuzzy closed set in
fuzzy m-space and establish the mutual relationships of this newly defined set with
the sets defined in [4, 6]. Next we introduce different types of functions and lastly
we establish the mutual relationships among themselves.

Definition 4.1. A fuzzy set A in a fuzzy m-space (X, m) is said to be fmg-closed
[4] (resp., fmgp-closed [6]) if mclA < U (resp., mpclA < U) whenever A < U
where U € m. The complement of fmg-closed (resp., fmgp-closed) set in X is
called fmg-open (resp., fmgp-open).

Definition 4.2. A fuzzy set A in a fuzzy m-space (X, m) is said to be fmgd,-
closed if mopclA < U whenever A < U where U € m. The complement of an
fmgd,-closed set is fmgd,-open.

Remark 4.3. So we have the following relationship among the sets defined so far:

‘ Fuzzy m-8-preclosed set | —) | fmgd,-closed set ‘

1 1

| Fuzzy m-preclosed set ‘ ) ‘ fmgp-closed set |
‘. Fuzzy m-closed set ‘ ) | Fmg-closed set ‘

Figure 1
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None of the above implications is reversible as it seen from the following examples.
Example 4.4. fmgd,-closed set A fmg-closed set

Let X = {a,b}, m = {0x,1x,A, B,C, D, E} where A(a) = 0.6, A(b) = 0.4, B(a) =
B(b) = 0.5, Ca) = 0.5,C(b) = 0.4, D(a) = 0.6, D(b) = 0.5, E(a) = E(b) = 0.4.
Then (X, m) is a fuzzy m-space. Here FmoPO(X) = {0x,1x, P,Q, R, S} where
P(a)=0.4,P(b) <04, 0.4 < Qa) <0.6,Q(b) <05, R>1x\ Fand 0 < S(a) <
1,S(b) > 0.6 and FmIPC(X)= {0x,1x,1x \ P,1x \ Q,1x \ R,1x \ S} where
(1 \ P)(a) = 0.6, (1x \ P)(B) > 0.6, 0.4 < (Lx \ Q)(a) < 0.6, (1x \ Q)(5) > 0.5,
Ix\R< Eand 0 < (1x\ S)(a) < 1,(1x \ S)(b) < 0.4. Consider the fuzzy
set U defined by U(a) = 04,U(b) = 0.3. Then U < E where E € m and
melU = 1x \ D <E = U is not fmg-closed. But mdpclU = U < E = U is
fmgd,-closed set in X.

Example 4.5. fmgd,-closed set A fmgp-closed set

Consider Example 4.4. Here FmPC(X)= {0x,1x,U,V} where U < E and
0.4 < V(a) < 0.5,V(b) = 0.5. Consider the fuzzy set M defined by M(a) =
0.51,M(b) = 0.5. Then M < D € m. Now mpclM = 1x /<D = M is not
fmgp-closed set in X. But mépclM = M < D = M is fmgd,-closed set in X.

Example 4.6. fmgd,-closed set A fuzzy m-d-preclosed set

Consider Example 4.4. Consider the fuzzy set W defined by W(a) = 0.6, W (b) =
0.55. Then W is not fuzzy m-d-preclosed set in X. But W < 1x € m only and so
mipclW < 1x = W is fmgd,-closed set in X.

Definition 4.7. A function f: (X, m) — (Y, my) is said to be

(i) fuzzy (m,mq)-0-preclosed if f(K) is fuzzy mi-d-preclosed set in'Y for every
fuzzy m-closed set K of X,

(11) f(m,my)gd,-closed if f(K) is fmigd,-closed in'Y for every fuzzy m-closed set
K of X.

Definition 4.8. A function f: (X, m) — (Y, my) is said to be

(i) fuzzy quasi (m,mq)-d-preclosed if f(K) € m§ for each K € FmdéPC(X),

(11) fmoy-fmygd,-closed if f(K) is fmigo,-closed set inY for each K € FmdéPC(X),
(1i1) almost f(m,my)gd,-closed if f(K) is fmigd,-closed set in'Y for each K €
FmRC(X).

Remark 4.9. For a function f: (X,m) — (Y,my), the following diagram holds :
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‘ Almost f(m, m;)gd,-closed function ‘

Ll

| Fm8,-fm, gb,-closed function | —) | f(m, my)g8,-closed function |

1 |

‘ Fuzzy strongly (m,m,)-8-preclosed function | -| Fuzzy (m, m,)-6-preclosed function ‘

1 1

Fuzzy quasi (m, m, )-6-preclosed function | - ‘ Fuzzy (m, m;)-closed function

Figure 2

The following examples show that the reverse implications are not necessarily true,
in general.

Example 4.10. Fuzzy (m, m;)-closed function /A fuzzy quasi (m, m;)-d-preclosed
function

Let X = {CL, b}, m = {OX, 1)(,A,B,C,D, E}, mi = {Ox, lx,Al,Bl, Ol,Dl,El, Fl}
where A(a) = 0.6, A(b) = 0.4, B(a) = B(b) = 0.5, C(a) = 0.5,C(b) = 0.4,
D(a) = 0.6,D(b) = 0.5, E(a) = E(b) = 0.4, Ai(a) = 0.4, A;(b) = 0.5, By(a) =
0.5, B1(b) = 0.4, Ci(a) = C1(b) = 0.4, D1(a) = D1(b) = 0.5, E1(a) = 0.6, E1(b) =
0.4, Fi(a) = 0.6, F1(b) = 0.5. Then (X, m) and (X, m,) are fuzzy m-spaces. Con-
sider the identity function i : (X, m) — (X, my). Clearly i is fuzzy (m, m;)-closed
function. Consider the fuzzy set U defined by U(a) = 0.6,U(b) = 0.7. Then
Ue€ FmoPC(X). Now i(U) = U ¢ m§ = i is not fuzzy quasi (m, m;)-d-preclosed
function.

Example 4.11. Fuzzy strongly (m,m;)-0-preclosed function /= fuzzy quasi
(m, my)-d-preclosed function

Consider Example 4.10. Here FmdPC(X)= {0x, 1x,U,V,W,S, T} where U(a) >
0.6,U(b) > 0.6, 0.5 < V(a) < 0.6,V(b) > 0.5, 0.4 < W(a) < 0.5, W(b) > 0.5,
S<FE, 0<T(a) <1,7T(b) < 0.4 and that of Fm0PC(X) is {Ox,1x, Uy, Vi, W1}
where Uy > Dy, Vi > Ay, Wy < C). Then clearly the identity function i : (X, m) —
(X, mq) is fuzzy strongly (m, m,)-d-preclosed function but not fuzzy quasi (m, ms)-
0-preclosed function.

Example 4.12. Fuzzy (m, m,)-d-preclosed function A fuzzy (m, m;)-closed func-
tion
Let X = {a,b}, m = {0x,1x,U} where U(a)

== 04, U(b) == 03, m; = {Ox, 1)(,14,
B,C, D, E} where A(a) = 0.6, A(b) = 0.4, B(a) =

B(b) = 0.5, C(a) = 0.5,C(b) =
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0.4, D(a) = 0.6,D(b) = 0.5, E(a) = E(b) = 0.4. Then (X, m) and (X, m;) are
fuzzy m-spaces. Consider the identity function i : (X,m) — (X, my). Clearly i
is not fuzzy (m,m,)-closed function. But 1x \ U € m®, i(lx \U) = 1x \ U €
Fm6PC(X) = i is fuzzy (m, m;)-0-preclosed function.

Example 4.13. Fuzzy (m,m;)-6-preclosed function /& fuzzy strongly (m,m;)-o-
preclosed function

Let X = {a,b}, m = {0x,1x}, mi = {0x,1x,A,B,C,D,E} where A(a) =
0.6, A(b) = 0.4,B(a) = B(b) = 0.5,C(a) = 0.5,C(b) = 0.4, D(a) = 0.6, D(b) =
0.5,E(a) = E(b) = 0.4. Then (X,m) and (X, m;) are fuzzy m-spaces. Consider
the identity function i : (X, m) — (X, my). Clearly i is fuzzy (m,my)-6-preclosed
function. Now every fuzzy set in (X, m) is fuzzy m-d-preclosed set in (X, m). Con-
sider the fuzzy set S defined by S(a) = 0.3,5(b) = 0.5. Then S € FmdéPC(X).
Now i(S) =S & Fm6PC(X) = i is not fuzzy strongly (m,m;)-0-preclosed func-
tion.

Example 4.14. f(m,m;)gd,-closed function /A fuzzy (m,m,)-0-preclosed func-
tion

Let X = {a,b}, m = {0x,1x,A,B,C,D,E}, m; = {0x,1x,S} where A(a) =
0.6,(b) = 0.4,B(a) = B(b) = 0.5,C(a) = 0.5,C(b) = 0.4,D(a) = 0.6,D(b) =
0.5, E(a) = E(b) = 0.4, S(a) = 0.4,5(b) = 0.3. Then (X, m) and (X, m,) are fuzzy
m-spaces. Consider the identity function i : (X, m) — (X, m;). Here 1y \ A € m¢,
i(lx \A)=1x\ A ¢ FmdPC(X) (Indeed, Fm 6 PC(X) = {0x, 1x,U, V} where
U< SV >1x\S) = iis not fuzzy (m,mq)-6-preclosed function. But for
any fuzzy m-closed set T in (X, m), we have i(T) = T < 1x € my only and so
mydpclT < 1x =i is f(m,my)gd,-closed function.

Example 4.15. f(m,my)gd,-closed function A fmd,-fm,gd,-closed function
Let X = {a,b}, m = {0x,1x,G}, m1 = {0x,1x,A,B,C,D,E} where G(a) =
0.5,G(b) = 0.4, A(a) = 0.6, A(b) = 0.4, B(a) = B(b) = 0.5, C(a) = 0.5,C(b) = 0.4,
D(a) = 0.6,D(b) = 0.5, E(a) = E(b) = 0.4. Then (X, m) and (X, m;) are fuzzy
m-spaces. Here FmdPC(X)= {0x,1x,S5,T} where S > 1x \ G, T < G and
Fm6PC(X) = {0x,1x,U,V,W, P} where U(a) = 0.6,U(b) > 0.6, 0.5 < V(a) <
0.6,V(b) > 0.5, 0.4 < W(a) < 0.5,W(b) > 0.5, P < E. Consider the iden-
tity function ¢ : (X, m) — (X, m;). Let H be a fuzzy set in (X, m) defined by
H(a) = 0.5,H(b) = 0.3. Then H € FméPC(X). Now i(H) = H < C € my,
but midpcl(H) = B £ C' = H is not fmygd,-closed set in (X, m;) = i is not
fmé,-fmygd,-closed function. But 1x \ G € m®, i(1x \ G) = 1x \ G < 1x(€ my)
only and so mdpcl(1x \ G) < 1x = 1x \ G is fmygd,-closed set in (X, my) = i is
f(m,my)gd,-closed function.
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Example 4.16. fm;0,- fmgd,-closed function /A fuzzy strongly (m;, m)-é-preclosed
function

Consider Example 4.15. Consider the identity function ¢ : (X, m;) — (X, m). For
every fuzzy mi-d-preclosed set K other than P(< E), 1x is the only fuzzy m-open
set in (X, m) such that i(K) = K < 1x and so mopcl K < 1x = K is fmgd,-closed
set in (X, m) and i(P) = P < G € m and so mopclP = P < G. Hence i is fm;,-
fmgé,-closed function. But B € FmdPC(X), i(B) = B ¢ FmoPC(X) = i is
not fuzzy strongly (m;, m)-d-preclosed function.

Example 4.17. Almost f(m,m,)gd,-closed function A f(m,mq)gd,-closed func-
tion

Let X = {a,b}, m = {0x,1x,G,H}, my = {0x, 1x, A, B,C, D, E} where G(a) =
0.4,G(b) = 0.45, H(a) = 0.5, H(b) = 0.6, A(a) = 0.6, A(b) = 0.4, B(a) = B(b) =
0.5, C(a) = 0.5,C(b) = 0.4, D(a) = 0.6, D(b) = 0.5, E(a) = E(b) = 0.4. Then
(X,m) and (X, m,) are fuzzy m-spaces. Now FmRC(X) = {0x, 1x,1x\G}. Con-
sider the identity function ¢ : (X, m) — (X,mq). Now i(1x \ G) =1x \ G < 1x(€
my) only and so miopcl(lxy \ G) < 1x =i is almost f(m, mq)gd,-closed function.
But Ixy\Hemfandi(ly \H)=1x \ H <C € my and midpcl(lx \ H) = B £
C =i is not f(m,my)gd,-closed function.

Definition 4.18. A function f : (X,m) — (Y, my) is said to be fmd,-fmygd,-
continuous if f~(K) is fmgd,-closed set in X for every K € Fm6PC(Y).

Theorem 4.19. A function f: (X,m) — (Y,my) is fmd,-fmigd,-continuous if
and only if f~1(K) is fmgd,-open set in X for every K € Fmi0PO(Y).
Proof. Obvious.

Theorem 4.20. If f : (X,m) — (Y,mq) is fuzzy (m,my)-closed, fmé,-fmygd,-
continuous, surjective function, then f~'(K) is fmgd,-closed set in X for each
fmigo,-closed set K of Y, where m; satisfies B condition.

Proof. Let K be fmjgd,-closed set in Y and let U be fuzzy m-open set in
X such that f~}(K) < U. We have to show that mdpclf~(K) < U. Put
V =1y \ f(1x \U). As f is fuzzy (m, m;)-closed function, V' is fuzzy m;-open set
in Y. Now

V) = N fUx\ D) = 1x \ [T\ D) S Ik \(Ix \U) = U (i)

Now F(1x \U) < 1y \ f(U) = V = Ly \ f(Lx \U) > f(U) = f(U) <V =
K = f(f7'(K)) < f(U) < V. As K is fmygd,-closed in Y, mdpclK <V =
K <midpcd K <V = f[TYK) < fH(miopd K) < f~4(V) < U (by (i)). As [ is

Jmd,-fmygd,-continuous function, f~!(mydpclK) is fmgd,-closed set in X (as my
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satisfies B condltlon) and hence mdpcl( f (mlépclK )) < U (by definition). There-
fore, mopcl(f~1(K)) < mdpel(f~(miopclK)) < U = f~YK) is fmgd,-closed set
in X.

Theorem 4.21. A surjective function f : (X,m) — (Y,mq) is fmd,-fmygé,-
closed if and only if for each B € IV and each U € FmdéPO(X) with f~1(B) < U,
there exists an fmygd,-open set V of Y such that B <V and f~1(V) < U.
Proof. Let f be fmd,-fmigd,-closed surjective function. Let B € IY and
U € FmdPO(X) with f~'(B) < U. Let V = 1y \ f(1x \ U). Then f~'(V) =

I\ f(Ix\U)) = Ix\ fH(f(1x\U)) < Ix\(Ix\U) = U and so f~1(V) < U.
Now 1x \ f71(B) 2 1x \U = f(Ix\U) < f(lx \ f71(B)) = Iy \ f(fH(B)) =
Iy\B= B <1y \f(1x\U) =V. As f is fmd, fmigd,-closed function, f(1x\U)
is fmygd,-closed set in Y as 1x \ U € FmIPC(X) and so V' is fmgd,-open set in
Y.

Conversely, let K € FmdPC(X). Now f~1(1y\ f(K)) < 1x\K € FméPO(X).
By assumption, there exists an fm;gd,-open set V' of Y such that 1y \ f(K) <V
and f[7H(V) <1Ix\K = f(K)>1y\Vand K <1x\ f[7Y(V)= 11y \V) =
FIK) < f(f~' 1y \ V) =1y \V = f(K) = 1y \ V which is fm;gd,-closed in Y.
Hence f is fmd,-fm,gd,-closed function.

Theorem 4.22. If f : (X,m) — (Y,my) is fuzzy (m, my)-continuous and fmd,-
fmagd,-closed function, then f(H) is fm1gd,-closed set inY for each fmgd,-closed
set H in X, where m satisfies B condition.

Proof. Let H be fmgd,-closed in X and V' be fuzzy m;-open set in Y such that
f(H) < V. Now H < f~Yf(H)) < f~Y(V) which is fuzzy m-open in X. As H
is fmgd,-closed in X, mdépclH < f~1(V) and so f(mdpclH) < f(f~1(V)) < V.
Since f is fmd,-fmigd,-closed function and mdpclH € FmdPC(X) (as m satisfies
B condition), f(mdpclH) is fmigd,-closed set in Y. Then mydpcl(f(mdpclH)) <V
and so f(H) < f(mépclH) < miopcl(f(mopclH)) < V = miopcl(f(H)) <
mqdpcl(f(mopclH)) (by using Lemma 3.8(iv))) < V = f(H) is fmygd,-closed
set in Y.

Definition 4.23. [5] A function f: (X,m) — (Y, my) is said to be fuzzy (m,my)-
§-precontinuous if f~H(V) € FmdPO(X) for every V.€ Fm6PO(Y).

Remark 4.24. Clearly a fuzzy (m,my)-6-precontinuous function is fmd,-fmgo,-
continuous, but the converse may not be true as it seen from the following example.

Example 4.25. fmd,-fm,gd,-continuous function A~ fuzzy (m,m;)-0- precon-
tinuous function

Let X = {a,b}, m; = {0x,1x,S}, m = {0x,1x, A, B,C, D, E} where S(a) =
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0.4, S(b) = 0.45, A(a) = 0.6, A(b) = 0.4, B(a) = B(b) = 0.5, C(a) = 0.5,C(b) =
0.4, D(a) = 0.6,D(b) = 0.5, E(a) = E(b) = 0.4. Then (X,m) and (X, m
are fuzzy m-spaces. Now FmdPC(X) = {0x,1x,U,V,W, P,Q} where U(a) >
0.6,U(b) > 0.6, 0.5 < V(a) < 0.6,V(b) > 0.5, 0.4 < W(a) < 0.5, W(b) > 0.5,
P< E, 0<Q(a) <1,Q(b) < 0.4 and that of Fm;0PC(X) ={0x,1x,U;, Vi, W3}
where Uy < S, Vi > 1x \' S, Wi />S. Let us consider the identity function
i:(X,m;) = (X,m). Now B € FméPC(X). But i (B) = B ¢ Fm;0PC(X) =
i is not fuzzy (m,m;)-0-precontinuous function. Now we show that i is fmd,-
fmygd,-continuous function. Now any M € FmdPC(X), i"'(M) = M. Then
either M < S(€ my) or M < 1x(€ my). Ift M < S, then M € FmdPC(X) =
midpclM = M < S. But if M < 1x only, then mdpclM < 1x. So i is fmo,-
fmigd,-continuous function.

Result 4.26. If f : (X,m) — (Y,mq) is fuzzy (m,mq)-open, bijective, fuzzy
(m, my)-0-precontinuous function, then f~1(K) is fmgd,-closed set in X for each
fmigo,-closed set K in'Y .

Proof. Let K be fmgd,-closed set in Y. Let U be fuzzy m-open set in X
such that f~Y(K) < U. As f is fuzzy (m,m;)-open and surjective function,
K = f(f7Y(K)) < f(U) where f(U) is fuzzy mj-open set in Y. By hypothe-
sis, K < myopcl K < f(U). Again f is fuzzy (m, my)-0-precontinuous and injective
function, f~Y(K) < mdpcl(f~(K)) < mopcl(f~H(midpclK)) = f~(mydpclK) <
YfU)) =U = mdpcl(f(K)) < U whenever [~Y(K) < U e€m = f1(K)is
fmgd,-closed set in X.

Theorem 4.27. Let f : (X,m) — (Y,my) and g : (Y,m1) — (Z,mz) be two
functions. Then

(i) if f is fmd,-fmyigo,-closed and g is fuzzy (my, ma)-continuous, fmyd,-fmagd,-
closed functions, then go f is fmd,-fmagd,-closed function,

(i1) if f is fuzzy strongly (m,my)-0-preclosed and g is fm6,-fmagd,-closed func-
tions, then go f is fmd,-fmagd,-closed function,

(i) if f is fuzzy quasi (m,my)-0-preclosed and g is f(my, ma)gd,-closed functions,
then g o f is fmd,-fmagd,-closed function.

Proof. (i) Let K € FmoPC(X). As f is fmd,-fmigd,-closed function, f(K) is
fmygé,-closed set in Y. By Theorem 4.22, g(f(K)) = (go f)(K) is fmagd,-closed
set in Z = go fis fmd,-fmagd,-closed function.

(i) Let K € FmoPC(X). As f is fuzzy strongly (m,m;)-d-preclosed function,
f(K) € FmidPC(Y). g being fmi6,-fmagd,-closed function, ¢(f(K)) = (g o
FI(K) is fmagd,-closed set in Z = go fis fmd,-fmagd,-closed function.

(iii) Let K € FmoPC(X). As f is fuzzy quasi (m, my)-0-preclosed, f(K) is fuzzy
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my-closed set in Y. ¢ being f(my, ma)gd,-closed function, g(f(K)) = (go f)(K) is
fmagd,-closed set in Z = go fis fmd,-fmagd,-closed function.

Theorem 4.28. Let f : (X,m) — (Y,my) and g : (Y,mq1) — (Z,mz) be two
functions and let the composition go f : (X, m) — (Z,mg) be fmd,-fmagé,-closed
function. Then if f is fuzzy (m,my)-d-precontinuous surjective function, then g is
fmi0,-fmegd,-closed function.

Proof. Let K € Fm6PC(Y). As f is fuzzy (m,m;)-0-precontinuous surjective
function, f~1(K) € FméPC(X) and (go f)(f1(K)) = g(K) is fmagd,-closed set
in Z = gis fmi0,-fmsgd,-closed function.

Theorem 4.29. f: (X, m) — (Y,my) and g : (Y,m1) — (Z,my) be two functions
and let the composition go f: (X, m) — (Z, my) be fmé,-fmagd,-closed function.
Then if g is fuzzy (my,ma)-closed, fmi0,-fmagd,-continuous bijective function,
then f is fmod,-fmigd,-closed function.

Proof. Let K € FmoPC(X). Then (go f)(K) is fmagd,-closed set in Z. Again
g is fuzzy (mq, mg)-closed, fmqd,-fmagd,-continuous surjective function, by Theo-
rem 4.20, g~ ((go f)(K)) = f(K) (as g is injective) is fm;gd,-closed set in Y = f
is fmod,-fmigo,-closed function.

5. Fuzzy m-d,-Normal Space : More Characterizations

In this section we characterize fuzzy m-d,-normal space by fmgd,-open set.

Lemma 5.1. A fuzzy set A in a fuzzy m-space (X, m) is fmgd,-open if and only
if < mopintA whenever F < A and F' € m°.

Proof. First suppose that A is fmgdy,-open set in X. Let F' € m® be such that
F < A. then 1xy\ A < 1x\F € m. By hypothesis, mopcl(1x\ A) = 1x\mopintA <
1x \ F = F < mipintA.

Next suppose that F© < mipintA whenever ' < A F € m°. We have to show
that A is fmgd,-open set in X. Suppose F' < A, F' € m®. Now 1x \ mdpintA <
Ix \F=mopcl(lx \A) <1x\Fem=1x\ Ais fmgd,-closed set in X = A is
fmgd,-open set in X.

Theorem 5.2. Let (X, m) be a fuzzy m-space where m satisfies B condition. Then
the following statements are equivalent :

(a) X is fuzzy m-d,-normal space,

(b) for any two fuzzy m-closed sets A, B with A B, there exist two fmgd,-open
sets U and V in X such that A< U, B< and U 4V,

(c) for each fuzzy m-closed set A and each fuzzy m-open set B containing A, there
exists an fmgdy-open set U in X such that A < U < mdpclU < B,

(d) for each fuzzy m-closed set A and each fmg-open set B containing A, there
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exists U € FmdPO(X) such that A < U < mdpclU < mintB,

(e) for each fuzzy m-closed set A and each fmg-open set B containing A, there
exists an fmgo,-open set G such that A < G < mdpclG < mintB,

(f) for each fmg-closed set A and fuzzy m-open set B containing A, there exists
U € FmdPO(X) such that mclA < U < mopclU < B,

(g) for each fmg-closed set A and each fuzzy m-open set B containing A, there
exists an fmgd,-open set G such that mclA < G < mopclG < B.

Proof. (a) = (b) Obvious as every fuzzy m-J-preopen set is fmgd,-open.

(b) = (a) Let A, B be two fuzzy m-closed sets with A gB. By (b), there ex-
ist fmgd,-open sets U,V in X such that A < U, B < V and U /gV. Then
Ix\U <1x\ A 1x\V < 1x\ B where 1x \ U and 1y \ V are fmgd,-closed
sets in X and 1x \ A € m, 1x \ B € m. Then by definition of fmgd,-closed set,
mipcl(lx \U) < 1x \ A, mépcl(lx \'V) < 1x \ B = 1x \ mépintU < 1x \ A,
Ix \ mépintV < 1x \ B = A < mépintU, B < mépintV where mopintU
and mopintV are fuzzy m-d-preopen sets in X (as m satisfies B condition) with
(mdpintU) f(mopintV') (as U 4V).

(b) = (c) Let A be fuzzy m-closed and B, fuzzy m-open sets in X containing A.
Then 1x \ B <1x\ A=A 4(1x \ B) where 1x \ B is fuzzy m-closed set in X.
By (b), there exist fmgd,-open sets U,V in X such that A < U, 1x \ B <V and
U AV. Then 1x \ V < B where 1x \ V is fmgd,-closed and B is fuzzy m-open
sets in X. By definition, mopcl(1x \ V) < B. Now U 4V = U < 1x\V. So
A<U <mdpdU <mdpcl(lx \V) < B= A< U <mdpcU < B.

(¢) = (b) Let A, B be two fuzzy m-closed sets in X with A 4B. Then A <1x\B
where 1y \ B is fuzzy m-open set in X. By (c), there exists an fmgd,-open set
U in X such that A < U < mépclU < 1x \ B = A < U, B < 1x \ mpclU =
mdpint(1x \U) where mépint(1x \U) being fuzzy m-d-preopen in X (as m satisfies
B condition) is fmgd,-open set in X with U 4(1x\mdpclU) = U gmdpint(1x\U).
(¢) = (d) Let A be fuzzy m-closed and B be fmg-open sets in X containing
A. Then 1x \ B < 1x \ A where 1x \ A € m. As 1x \ B is fmg-closed set
in X, mel(lx \ B) < 1Ix \ A = 1x \mintB < 1x \ A = A < mintB and
mintB € m (as m satisfies B condition). By (c), there exists an fmgd,-open set
G such that A < G < mdpclG < mintB. Since G is fmgd,-open set, by Lemma
5.1, A < mépintG. Take U = mdpintG. Then U € FmdPO(X) (as m satisfies B
condition) such that A < U < mopclU = mdpcl(mdpintG) < mopclG < mintB.
(d) = (e) The proof is immediate as every fuzzy m-d-preopen set is fmgd,-open.
(e) = (f) Let A be fmg-closed set in X and B, a fuzzy m-open set in X con-
taining A. Then mclA < B where mclA € m¢ (as m satisfies B condition). Since
fuzzy m-open set is fmg-open, by (e) there exists an fmgd,-open set G such that
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mclA < G < mdpclG < B. Since G is fmgd,-open set and mclA < G, by
Lemma 5.1 mclA < mépintG. Put U = mdépintG. Then mclA < U < mdpclU =
mopcl(mdpintG) < mopclG < B.

(f) = (g) The proof is immediate as every fuzzy m-d-preopen set is fmgd,-open
set.

(g) = (c) The proof is immediate as every fuzzy m-closed set is fmg-closed.

Theorem 5.3. If f: (X, m) — (Y, my) is a fuzzy (m, my)-continuous, fuzzy quasi
(m, mq)-6-preclosed bijective function and X is fuzzy m-6,-normal space, then'Y is
fuzzy myi-normal space.

Proof. Let A, B be two fuzzy m-closed sets in Y with A 4B. Then f~'(A), f~'(B)
are fuzzy m-closed sets in X with f~'(A) 4f~'(B). As X is fuzzy m-§,-normal
space, there exist U,V € FmdPO(X) such that f~1(A) < U, f~4B) < V and
U 4V. Let Wy = 1y \ f(1x \U), Wao = 1y \ f(1x \ V). As f is fuzzy quasi
(m, my)-0-preclosed, f(1x \ U), f(1x \ V) are fuzzy mi-closed sets in Y and so
Wy, Wy are fuzzy mq-open sets in Y. As f is surjective, A < f(U), B < f(V).
Again we know that f(1y \ U) < 1y \ f(U) = Wy = Iy \ f(Ix \ U) > f(U)
and also Wy > f(V). So A < Wy, B < Wy, we claim that Wy gW,. Indeed,
if there is some y € Y such that Wi(y) + Wa(y) > 1. Then as f being injective
L= (LA D) ) + 1= (I \ V) () > 1= 1= 1+ U(f () +1— 1+
V(fy)>1=U(f"y)+V(f(y) >1= UqV, a contradiction. Hence YV’
is fuzzy mi-normal space.

Theorem 5.4. Let f: (X,m) — (Y,my) be a fuzzy (m,my)-closed, fmé,-fmgd,-
continuous, injective function where m satisfies B condition. If Y s fuzzy my-0,-
normal space, then X 1is fuzzy m-d,-normal space.

Proof. Let A, B be two fuzzy m-closed sets in X with A 4B. As f is fuzzy (m, m1)-
closed function, f(A), f(B) € m{ with f(A) 4f(B). Indeed, if f(A)qf(B), then
there exists y € Y such that [f(A)](y)+[f(B)](y) > 1= A(f'(y))+B(f(y)) > 1
(as f is injective) = Ag¢B, a contradiction. As Y is fuzzy m,-0,-normal space, there
exist U,V € Fm;0PO(Y) such that f( )< U, f(B) < Vand U V. As f is
fm5 fm195 -continuous function, f~ ( ) f ( ) are fmgd,-open sets in X with
T HU) 4f7Y(V)and A < f~1(U),B < f~%(V). By Theorem 5.2 (b) = (a), X is

fuzzy m-d,-normal space.
Theorem 5.5. If f: (X,m) — (Y,my) is a fuzzy (m,mq)-closed, fuzzy (m,m;)-
d-precontinuous, injective function and Y is fuzzy my-6,-normal space, then X is

fuzzy m-d,-normal space.
Proof. The proof follows from Remark 4.24 and Theorem 5.4.
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Lemma 5.6. A surjective function f : (X,m) — (Y,my) is almost f(m,m;)gd,-
closed if and only if for each B € IV and each U € FmRO(X) with f~Y(B) < U,
there exists an fmygd,-open set V of Y such that B <V and f~1(V) < U.
Proof. First suppose that f is almost f(m,m;)gd,~closed function. Let B € IY
and U € FmRO(X) with f~Y(B) < U. As f is surjective, B = f(f~1(B)) < f(U).
Let V.=1y \ f(1x \U). As f is almost f(m,m)gd,-closed function, V' is fm;gd,-
open set in Y. Now V = 1y \ f(Ix \U) > 1y \ (1y \ f(U)) = f(U) and so
B < f(U) < V. Again (V) = 11y \ f(Ly \ D)) = 1x \ f1(7(1x \ U)) <
Ix\(x\U)=U.

Conversely, let K € FmRC(X). Now f~'(1y \ f(K)) = 1x \ f7H(f(K)) <
1x \ K € FmRO(X). By assumption, there exists an fmjgd,-open set V of Y
such that 1y \ f(K) < V and f7Y(V) < 1x \ K. Then f(K) > 1y \ V and
K <1\ fV) = f 1y \ V) = F(K) < F(F Uy \ V) S 1y \V = £(K) =
Iy \V = f(K) is fmygd,-closed set in Y. Hence f is almost f(m,m;)gd,-closed
function.

Lemma 5.7. If f : (X,m) — (Y,m1) is almost f(m,my)gd,-closed surjective
function where my satisfies B condition, then for each fuzzy my-closed set C' of Y
and each U € FmRO(X) with f~Y(C) < U, there exists V € FmidPO(Y) such
that C <V and f~1(V) < U.

Proof. Let C be fuzzy m;-closed set in Y and U € FmRO(X) with f~1(C) < U.
By Lemma 5.6, there exists an fm;gd,-open set V' of Y such that C' < V and
Y V) <U. Now 1y \ V < 1y \ C where 1y \ C is fuzzy mi-open set and 1y \ V is
fmygd,-closed set in Y = mydpcl(ly \ V) < 1y \ C = 1y \ miopintV < 1y \ C =
C < myopintV =W (say). Then W € Fm10PO(Y) (as m, satisfies B condition)
and f~Y (W) = f~H(mdpintV) < f~H(V) < U.

Theorem 5.8. Let f: (X,m) — (Y,my) be a fuzzy (m, mq)-continuous, almost
f(m,mq)gd,-closed, bijective function where m satisfies B condition. If X is fuzzy
m-normal space, then Y s fuzzy mq-0,-normal space.

Proof. Let A, B be fuzzy mi-closed sets in Y with A /gB. Since f is fuzzy
(m, my)-continuous function, f~1(A), f~1(B) are fuzzy m-closed sets in X with
Y A) /qf*(B). Since X is fuzzy m-normal space, there are fuzzy m-open
sets Uy, Us in X such that f~'(A4) < Uy, fY(B) < Uy and Uy /qU,. Let
G1 = mantmclUy, Gy = maintmclU;. Then as m satisfies B condition, G, Gy €
FmRO(X) and f~1(A) < Uy < mintmclU; = Gy and f~1(B) < Uy < mintmclUy =
(5. By Lemma 5.7, there exist Vi, Vo, € FmdPO(Y) such that A < Vi, B <V,
and f71(V}) < Gy, f71(Va) < Gy. We claim that G; 4G». Indeed, U; 4U, =
Uy gmclU; (as Uy is fuzzy m-open) = Uy gmintmclUy = mclUy gmintmclUs (as
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mintmclUy is fuzzy m-open as m satisfies B condition) = mintmclU;, gmintmeclUs; =
G1 4Gs. As f is surjective, V| < f(Gy), Vo < f(Gy) and V; 4V5. Infact, if there
is some y € Y such that Vi(y) + Va(y) > 1, then [f(G1)](y) + [f(G2)](y) > 1 =
Gi(f Y y)) + Go(f (y)) > 1 (as f is bijective) = G1¢Gs, a contradiction.

Corollary 5.9. If f : (X,m) — (Y,mq) is a fuzzy (m,mq)-continuous, fuzzy
(m, my)-0-preclosed bijective function and X is fuzzy m-normal space, then Y is
fuzzy mq-0,-normal space.

Proof. The proof follows from Theorem 5.8 using the fact that fuzzy (m,m;)-0-
preclosed function is almost f(m, m,)gd,-closed function.

6. Conclusion

Here we introduce and study different types of generalized version of fuzzy
closed sets and closed types functions in fuzzy m-space. Using these types of
sets we characterize fuzzy m-d,-normal space. Also applications of these sets and
functions are established here.
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